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Résumé
J’ai écrit ce texte pour mes pairs, les étudiants, les jeunes scientifiques et

tous ceux qui s’intéressent à la combinatoire et aux mathématiques discrètes.
Mon ouvrage est différent d’une monographie purement technique et con-
tient plusieurs passages historiques, autobiographiques et philosophiques.

Le mémoire comprend trois chapitres. Le premier chapitre est une
introduction, abordant mes réflexions philosophiques sur la nature du
dénombrement et de l’énumération combinatoire, ainsi que sur les choses
et leurs noms. Il décrit également la méthode classique de Goulden-Jackson,
utilisée dans le deuxième chapitre. Ce deuxième chapitre, avec le troisième
qui le suit, présentent mes contributions ainsi que certaines découvertes
récentes de la littérature.

Plus précisément, le deuxième chapitre est consacré à la combinatoire
de certains types de motifs dans la structure moléculaire des acides ri-
bonucléiques (ARN, un des éléments les plus importants des organismes
vivants). Il examine la distribution de ces motifs dans les structures d’ARN
réelles et leurs modèles théoriques.

Le troisième chapitre aborde essentiellement deux sujets : une nouvelle
restriction des chemins de Dyck, comptée par les nombres de Motzkin, et
une nouvelle classe de mots, comptée selon Fibonacci. Outre des résultats
purement scientifiques, ce chapitre fournit également un contexte auto-
biographique. Cela se conclut par la présentation des travaux connexes et
des pistes possibles pour des recherches à venir, ainsi que plusieurs courts
poèmes sur le processus fascinant de la traduction des pensées en langue
de mots et de nombres.

Dans cet ouvrage, je me suis concentré principalement sur les aspects
mathématiques des motifs apparaissant en combinatoire et en informa-
tique. Mais n’oublions pas que c’est grâce à la langue que les connaissances
mathématiques se transmettent de génération en génération, traversant
l’univers.
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Ищущий да обрящет1

1Seek, and ye shall find — derived from Matthew 7:7–8.





Foretale

The word “pattern” is translated to russian word узор. It is pronounced like
[uzor] and comes etymologycally from Old East Slavic узоръ. It is related to
the verb зреть [zret’] (to see, to look at, to observe) prefixed by у [u] which
is used to give a verb the perfective aspect. So, узор literally means “a thing
that has been seen”, but in contemporary language it is used to signify “a
pattern, an ornament or a design”.

I call the Language a tissue woven by history out of local languages and
dialects. The Language contains a big part of our wisdom and the knowl-
edge about the world. The reader’s inquiring mind will undoubtedly find
a lot of neat things and details in the Language, including many etymolo-
gycal connections between seemingly different words: matter and mothers;
motifs and motivations; patterns, fathers and Jupiter... Eventually these
beautiful details will create an overall vision of the whole canvas, a canvas
full of patterns...

In this monograph, I will focus mainly on the mathematical aspects of
patterns arising in combinatorics and computer science. But let’s not forget
that it is thanks to Language that mathematical knowledge is passed on
from generation to generation, sailing across the universe.

I am writing this text for my peers, students, young scientists, and
everyone who is interested in combinatorics and discrete mathematics. My
treatise will be different from a purely technical monograph and will contain
several historical, autobiographical and philosophical passages.

Contemplation is the key to comprehension.
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Commentary on the structure of this document
The monograph contains three Chapters. The first chapter is an in-

troduction, outlining my philosophical views on the nature of counting,
combinatorial enumeration, things and their names. It also contains a de-
scription of the classical Goulden-Jackson method which is used in the
second Chapter. The second Chapter, together with the third, present my
contributions as well as some recent findings of the literature.

More precisely, the second Chapter is focused on the combinatorics of
certain types of patterns in the molecular structure of ribonucleic acids
(RNAs, one of the most important elements of biological organisms). It
examines the distribution of these patterns in the real-world RNA structures
and their theoretical models.

The third Chapter essentially addresses two things: a new Motzkin-
counted restriction of Dyck paths and a new class of Fibonacci-counted
words. Not only does it provide purely scientific results, it also gives some
autobiographical context. The third section of the Chapter 3 concludes
the monograph by presenting a description of related works and possible
directions for further research, as well as several short poems about the
mesmerising process of translating thoughts into the language of words
and numbers.
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Chapter 1

Introduction and philosophical
considerations

Until he had come up with a name, he was too pathetic
to look at – a real idiot. But now that he had some label
like graviconcentrate, he thought that he understood
everything and life was a breeze.

— Arkady and Boris Strugatsky
Roadside Picnic

Translated by Antonina W. Bouis

E
numeration is perhaps one of the first mathematical activities that
we begin to do at a fairly early age. We count: 1, 2, . . . But how
exactly we do that and how we compare sets of different objects
having the same or different number of elements? This is a hard

question. I hope that one day combinatorics as a part of mathematics and
computer science will help to throw a light on this mental process. For now,
discrete mathematical matters are quite far from hypothetical application
to questions typically associated with biology, psychology and philosophy.

The word enumeration have several meanings. One of them is listing,
when we mention, one by one, all objects in a set. The second meaning
is counting. Meanwhile, the contemporary combinatorial enumeration is
more about the study of structures and their formation under certain re-
cursive laws than about sequences of numbers or listing objects per se. In
combinatorics we also deal with different properties of integer sequences,
with their asymptotic behavior, with algorithmic generation of elements of
some sets, but typically it involves a detailed understanding of structures
and deep comprehension of the recursive laws describing the birth of new
objects of larger sizes from smaller, more primitive, elements.

It happens that means become more interesting than original goals.
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1.1 Order and quantity
Which came first: the order or the quantity? The question is may seem
strange at first glance, because we need a concept of order to be able to
understand it. Without this concept of order how we can understand “first”?
Wovon man nicht sprechen kann, darüber muß man schweigen1 — once wrote
Wittgenstein in his Tractatus [242]. Of course I won’t follow Wittgenstein
advice and will talk with you about this outlandish question. Remember
that Wittgenstein, ten years after the publication of Tractatus, changed his
mind about the logically dogmatic nature of philosophy and language. In
his latter works he introduced the concept of language games and talked
fondly about them [183]. We come back to the question: the quantity or the
order, which is more important? This strange but surprisingly interesting
question relates the very foundations of mathematics and computer science.
Let me explain why I think so.

In 1921 Kuratowski [171] defined an ordered pair (a, b) as {{a}, {a, b}}
solving certain problems in a set theory of the early XX century. This defini-
tion is now well-known and accepted. It allows us to construct relations,
functions and arrows using only the language of unordered sets. So, in
many parts of mathematics order is no more considered as a primitive
notion.

When we consider exactly how mathematics is put into practice, we
see sequences of bits, we see programs built from those sequences, we see
approximations of Turing machines with finite tapes, we see systems for
automatically checking proofs and formalizing mathematics (Isabelle, HOL
Light, Coq, Lean, Metamath...)—all are based on ordered sequences of bits.
Unordered sets are realised and implemented as well-defined orders of
bytes in data structures and associated procedures. Perhaps even the time
itself is a non-symmetrical order of events.

So, simplifying slightly, I can say that the abstract mathematics and
its physical sister—computer science—embrace the same thing from two
opposite sides. Computer science construct unordered sets and other no-
tions from ordered sequences, while the mathematics does the converse.
Perhaps the significance of these opposite processes is that the essence is
contained somewhere in the middle. Or maybe it is the very possibility to
look at the world from different angles and from different sides that makes
it so attractive to scientists. It could be also a manifestation of a bijective
relationship between multiple interpretations of the same phenomenon

1Whereof one cannot speak, thereof one must be silent — Ludwig Wittgenstein [243]
(translated by Frank P. Ramsey and Charles K. Ogden).
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inaccessible to the direct examination.

1.2 Things and their names
Poincaré once wrote — la Mathématique est l’art de donner le même nom à des
choses différentes2. I think that entities, things and concepts exists but the words
are somehow “secondary”, they form a kind of virtual descriptive reality.
Eventually, words become entities and others words refer to them, braiding
the filaments of cognition.

To see the essence of the world, it is necessary to consider the things and
concepts from different angles, using different languages, and call them
every so often by different names. This need seems to contradict Poincaré,
but I think that it completes his ideas about the universal nature of the
mathematical language and allows us, for instance, to see a link between
enumeration and bijection; to suggest the existence of underlying entity that
can be experienced by us as an enumeration or a bijection depending on
the context. This entity may exist in the reality independently of thinking
beings or appear as a form of physical or biological law guiding the thought
processes in any brain engaged in mathematical reasoning, or even have
divine or mystical nature.

Should we try to invent a new universal name to this entity, say bijenumé,
or can we continue to consider it from different angles using different names?
I’m more inclined towards the second option, because by inventing a new
name and pretending to be universal, we merely add a new word to the set
of already existing names of the entity. Every name have their own nuances
of meaning, bijenumé will be associated with my current reasoning, which
does not fully reflect the essence and future manifestations of the entity.
Thus, I prefer to denounce to give the universal names. This, however,
will not prevent me from talking about entities or concepts using already
existing words or inventing new ones, but... without pretending to be
universal.

1.3 Generating functions
Imagine you have to concisely package the information about number of
certain things. If you have only five things, you can just write 5. But what
happens if you have a finite set A consisting of things of different sizes:

2Mathematics is the art of giving the same name to different things [205] (translated by
Francis Maitland).
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1 thing of size 0, 2 things of size 1, and 3 things of size 2? In this case, we
can use polynomials. We choose a formal variable, say x, whose degree will
denote the size, and let monomial coefficients denote the number of things
of a certain size:

A(x) = 1 + 2x + 3x2.

We say that A(x) is the generating function of the set A. The union of two sets
A and B having no common elements is called (internal) disjoint union and
denoted by A⊎ B. The corresponding generating function is A(x) + B(x),
where A(x) and B(x) are generating functions for A and B. Let A×B be
the Cartesian product of two not necessarily disjoint sets A and B, i.e. sets
of all pairs (a, b) where a ∈ A and b ∈ B. It’s quite easy to see that the
generating function for the set A×B should be A(x) · B(x).

Leaving the discussion of the existence of potential or actual infinities for
the future, we pretend that we have an infinite sequence of things, but every
thing has a finite size. For example, let’s look at binary words avoiding two
adjacent ones. We have:

• 1 word of size 0, denoted by ε;

• 2 words of size 1: 0, 1;

• 3 words of size 2: 00, 01, 10;

• 5 words of size 3: 000, 001, 010, 100, 101;

• 8 words of size 4: 0000, 0001, 0010, 0100, 0101, 1000, 1001, 1010;

• etc.

Let’s denote by F the set of such words, and try to write down the
corresponding generating function:

F(x) = 1 + 2x + 3x2 + 5x3 + 8x4 + . . .

Do we have enough paper to write all the terms of this “polynomial” where
the number of terms is infinite? Of course, we can write something like

F(x) =
∞

∑
i=0

fnxn,

where fn denotes the number of words of size n. But this does not give us
any information about these numbers or a method of obtaining them. We
need to understand the underlying structure, find rules to produce words
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and rules to compute fn. In general, this is a tough problem (think about
uncomputable sequences and numbers like Chaitin’s constant [81]). It can,
however, be solved in some special cases, sometimes by quite elegant and
beautiful methods.

The set F of words avoiding 11 appears already in Knuth’s book [165, p.
286] and admits a simple description. For two words a and b, let a · b
denote their concatenation. For a word a and a set of words B, we let
a · B = {a · b : b ∈ B}. Remark that

F = {ε} ⊎ {1} ⊎ 0 · F ⊎ 10 · F , (1.1)

i.e. any word avoiding two consecutive ones is either empty, equals to 1,
starts with 0, or starts with 10, and if we remove starting 0 or 10 we obtain
again a (smaller, shorter) word from the set F . So, a generating function
F(x), corresponding to the set F , should satisfy the functional equation

F(x) = 1 + x + x · F(x) + x2 · F(x).

Solving it we obtain:

F(x) =
1 + x

1 − x − x2 . (1.2)

The Taylor expansion of this function around the point x = 0 gives the
infinite power series 1 + 2x + 3x2 + 5x3 + 8x4 + . . ., that corresponds to the
Fibonacci sequence: 1, 2, 3, 5, 8, 13, . . .

Magic? At least something very similar.
Usually, when one works with power series, the questions of conver-

gence arises. In our toy example, the generating function is analytic, and
its radius of convergence is

√
5−1
2 . Combinatorial sequences could be con-

sidered as “polynomials with infinite number of terms” and can be studied
even if they are not convergent in the classical sense. In the general form,
they are known as formal power series in the literature and provide a way to
encode the sequences of numbers.

To properly define (or read/write) any sequence of numbers we need a
notion of order (which number comes first, which number comes second,
and so on). In the context of formal power series the order of the terms is no
longer important, as it can be reconstructed from monomial powers. With
the discussion in Subsection 1.1 in mind, I’m speculating that maybe the
mathematical desire for unordered collection of elements was one of the
unexposed motives behind the creation of the generating function theory.

Classical combinatorial books by Flajolet and Sedgewick [109], Wilf [241],
and Stanley [225, 227] describe the ring of formal power series, possible
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operations with these series, and related questions in great detail. In this
monograph, we use many elements from these books.

1.4 Patterns in combinatorics
What is a pattern? How to count their occurrences? Can they self-overlap?

Which patterns are found frequently, and which are rare in large (random) struc-
tures? Is it important to avoid certain patterns and why? How can the combi-
natorial contemplation of patterns help us to characterize structures found in the
borderlands and the frontier areas of mathematics and computer science?

We endeavor to answer these and other related questions. Of course,
everything will depend on precise definitions and mathematical contexts.
Many scientists are working in this field. Here is a photo (Figure 1.1) of
some of them who came to Dijon for the 21st edition of the conference
“Permutations patterns” organized by our team in 2023.

Figure 1.1: Permutation Patterns conference, Dijon, 2023.

Kitaev wrote a book about patterns in permutations and words [164].
Mansour [188] presented results on pattern avoidance and pattern enumer-
ation in set partitions. A book [144] by Heubach and Mansour recounts
methods and achievements in the field of patterns in compositions, words
and related combinatorial structures. Asinowski [5] Bacher [16], Bean [48],
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Bernini [58], Bevan [61], Bilotta [64], Bouvel [71], Burstein [74], Cerbai [78],
Cervetti [79], Duchi [100], Elizalde [104], Pierrot [203], Pudwell [207], Ten-
ner [230], as well as many other passionate scientists, have done their dis-
sertations on topics related to combinatorial patterns. There are also more
general monographs on the subject. Flajolet and Sedgewick [109], Goulden
and Jackson [130], Knuth [165, 166], Lothaire [178–180], Stanley [225–227],
Bóna [75] and other authors tell us marvelous stories about patterns in a
variety of settings on the pages of their now classic books.

Genitrini and Mailler [124] extended the Kozik’s [169] pattern theory,
which was originally introduced to study Boolean trees, to other tree-based
models of satisfiability problems. Many other talented researchers study
connections between patterns and logic, see for instance the work of Bend-
kowski, Bodini and Dovgal [50] on statistical properties of lambda terms; the
treatise on dense digraphs (directed graphs) and 2-SAT formulae written
by Dovgal and Nurligareev [98]; and the works of Zeilberger and Gior-
getti [248], Bodini, Singh and Zeilberger [67, 68] which connect combinato-
rial maps and lambda terms. There are also numerous links with physics,
see for example a recent work by Saniga, Holweck, Kelleher, Muller, Gior-
getti and de Boutray [219] about finite geometric structures in the setting of
quantum contextuality.

A myriad of scientists has been studying families of graphs that can
be characterized by avoiding certain structures as (induced) subgraphs
or minors. Perhaps the most famous result is due to Kuratowski [172],
Frink and Smith [115], and Pontryagin. It states that a graph is planer if
and only if it does not contain a subgraph that is a subdivision of K3,3
or K5 (see Figure 1.2). Wagner’s [236] version of Kuratowski’s theorem
is formulated in terms of forbidden minors. Robertson–Seymour [215]
theorem is a generalization of this result, actually they wrote a whole series
of twenty papers, ≈500 pages.

Figure 1.2: Graphs K3,3, K5 and a graph obtained by subdivision of certain
edges of K5.
Among the recent results on graphs, I would like to highlight the work of
Ducoffe, Feuilloley, Habib and Pitois [101] that focuses on the following
question: given an ordered graph of size n, how fast can we detect whether
a fixed pattern of size k is present?

7



1.5 Classical Goulden-Jackson approach
First, let’s consider binary words and consecutive patterns therein. Perhaps
this is the simplest example we can show here, its essence has a pedagogical
flavor. We want to show the reader (who may not be familiar with what
follows) the basic ideas of the now classical Goulden-Jackson [129, 130]
cluster method. A detailed description of this method for words over an
arbitrary alphabet is given in several papers, see for instance works by
Noonan and Zeilberger [198]; Bassino, Clément and Nicodème [45], together
with Fayolle [44].

The Goulden-Jackson method is also related to Guibas-Odlyzko [136]
work about words avoiding a given pattern and to Solov’ev’s [224] paper
about rare events. It is worth noting that the method, with the necessary
modifications, is applicable not only to words and sequences of events,
but also to other kinds of structures. Various examples can be found in
a book by Flajolet and Sedgewick [109, Section III.7.4]; questions about
consecutive pattern avoidance in lattice paths are treated in a series of
articles by Asinowski, Bacher, Banderier, Gittenberger and Roitner [6–10];
Elizalde and Noy [105] use the method to enumerate consecutive patterns
in permutations.

In Chapter 2 we will show how to adapt the classical Goulden-Jackson
method in the context of endhered patterns in RNA secondary structures.
Now let’s go back to our simple example of binary words.

Denote by Bn the set of all binary words of size n. Let B =
⋃∞

n=0 Bn. In
this context, we consider as patterns only consecutive non-empty subwords,
also called factors in the literature. Given a pattern µ, we aim to provide a
bivariate generating function

Bµ(x, y) =
∞

∑
n=0

∞

∑
k=0

bn,kxnyk, (1.3)

where bn,k stands for the number of words of size n having exactly k occur-
rences of pattern µ.

How to get an expression for this function? An ad hoc method may
work. In Section 1.3 we used one for the enumeration of the set F of binary
words avoiding pattern µ = 11, see Eq. (1.1). With a little tweaking, we can
adapt it to obtain a full distribution of occurrences of µ = 11. But we will
go the other way.

We denote by |µ| the size of µ (number of letters inside µ, its length).
Definition 1. A pattern µ is self-overlapping if there is a word with size
smaller than 2|µ| that contains more than 1 occurrence of µ.

8



1.5.1 No self-overlap
At first, we only look at patterns that are non-self-overlapping. For instance,
pattern 11 is self-overlapping, the word 111 contains 2 occurrences of 11.
Patterns 010 and 0101 are also self-overlapping, but 01011 is not.

To describe binary words according to the number of occurrences of a
given non-self-overlapping pattern µ, we start by showing the underlying
sequential structure of any word. Denote by S the set of sequences, and
by an atom, a general element in the sequence . . . . Any
sequence is either empty or starts with an atom, which is followed by
another sequence, so we have the following decomposition: S = ε ⊎ · S .
The corresponding generating function is, obviously, S(x) = 1

1−x .
A binary word is a sequence wherein each atom is replaced by 0 or 1, its

generating function is S(2x). If we want to count them according to the size
(marked by powers of x), the number of 1s (powers of y) and the number
of 0s (powers of z), we compute the Taylor expansion of S(xy + xz) near
x = 0.

The variable y in the generating function Bµ(x, y) = ∑∞
n=0 ∑∞

k=0 bn,kxnyk

marks an occurrence of pattern µ. A word m of length |m| with k occurrences
of µ corresponds to the term x|m|yk, which can be rewritten as

x · x · . . . · x︸ ︷︷ ︸
|m| times

· y · y · · · · · y︸ ︷︷ ︸
k times

. (1.4)

The coefficient b|m|,k gives us the number of such words.
Now let’s label by the variable u some (maybe 0) occurrences of the

pattern µ. We need to consider all possible labelling options. We can do
this by replacing each y in (1.4) either by u (label) or by 1 (no label). Denote
by Lµ the set of such binary words with labels. Its generating function is

Lµ(x, u) = Bµ(x, 1 + u). (1.5)

For example, if µ = 01011 the word 110101110101011001 of size 18
contributes as x18y2 to Bµ(x, y), but engenders four words in Lµ and four
terms in Lµ(x, u)

110101110101011001 7→ x18u2,

110101110101011001 7→ x18u,

110101110101011001 7→ x18u,

110101110101011001 7→ x18,

(1.6)

9



where the labelled occurrences of the pattern 01011 are underlined.
It seems we only make things harder, but, as is often the case, by en-

larging the context, we reduce the complexity of the problem. It is possible
to obtain the expression for Bµ(x, y) without cluster method. Usually, to
construct binary words, we add a letter 0 or 1 to the beginning of a shorter
word, and this can create a new occurrence of µ. If one wants to proceed in
this direction, one has to consider words starting with certain sequences of
letters. In perspective, this idea can be used to study consecutive patterns
in arbitrary regular languages. But now let’s get back to the spellbinding
Goulden-Jackson method.

It is not hard to derive the generating function Lµ(x, u), as soon as we
realise that a word in the set Lµ is a sequence of letters from the alphabet
{0, 1, µ} (do not forget that in our case the pattern µ is non-self-overlapping).
We obtain

Lµ(x, u) = S(x + x + ux|µ|) =
1

1 − 2x − ux|µ|
.

Yes! Letters can have several symbols inside! For example, “Dzs” is one
letter of the Hungarian alphabet, Figure 1.3.

A Á B C Cs D Dz Dzs E É F
G Gy H I Í J K L Ly M N
Ny O Ó Ö Ő P Q R S Sz T
Ty U Ú Ü Ű V W X Y Z Zs

Figure 1.3: Hungarian alphabet.

From Eq. 1.5 we straightforwardly get

Bµ(x, y) = Lµ(x, y − 1) =
1

1 − 2x − (y − 1)x|µ|
. (1.7)

This “y-1” trick is known as symbolic inclusion-exclusion principle. We keep
only the words where all occurrences of µ are labelled by u. In particular,

10



the example (1.6) is transformed as follows

110101110101011001 7→ x18(y − 1)2

+

110101110101011001 7→ x18(y − 1)
+

110101110101011001 7→ x18(y − 1)
+

110101110101011001 7→ x18


=⇒ 110101110101011001 7→ x18y2.

We conclude that the distribution of non-self-overlapping consecutive
pattern in binary words depends only on the pattern size.

1.5.2 With self-overlap

A pattern may self-overlap in several possible ways, for instance, the pattern
0101010 has three possible self-overlappings, Figure 1.4

0101010 0101010 0101010
0101010 0101010 0101010

Figure 1.4: Three possible self-overlappings of 0101010.

We need a way to encode the sizes of such overlappings.

Definition 2. An autocorrelation polynomial Aπ(x) for a pattern π of size n
is defined as

Aπ(x) = 1 + ∑
k∈S

xn−k,

where S is the set of sizes of possible intersections of two different occur-
rences of the pattern π. In other words, xn−k means that two occurrences
of π have k letters in common.
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Examples of autocorrelation polynomials:

A11(x) = 1 + x,

A111(x) = 1 + x + x2,

A010(x) = 1 + x2,

A0101(x) = 1 + x2,
A01011(x) = 1,

A0101010(x) = 1 + x2 + x4 + x6.

For any non-self-overlapping pattern µ, we have Aµ(x) = 1.

How many autocorrelation polynomials there are for binary words of size n?

Let’s denote the answer by κ(n). Sloane’s On-Line Encyclopedia of Inte-
ger Sequences [200] contains the sequence {κ(n)}n∈N under the reference
A005434. It starts with 1, 2, 3, 4, 6, 8, 10, 13, 17, 21. Table 1.1 presents 6
classes of binary words of size 5 according to their autocorrelations.

Pattern Autocorrelation polynomial
00001, 11110, 10000, 01111,
00011, 11100, 00111, 11000,
00101, 11010, 10100, 01011,
00110, 11001, 01100, 10011

1

01001, 10110, 10010, 01101 1 + x3

00010, 11101, 01000, 10111,
01110, 10001

1 + x4

01010, 10101 1 + x2 + x4

00100, 11011 1 + x3 + x4

00000, 11111 1 + x + x2 + x3 + x4

Table 1.1: Autocorrelations of binary words of size 5.

In 1981 Guibas and Odlyzko [135] investigated this question in detail,
gave upper and lower bounds of κ(n), provide several equivalent charac-
terizations of autocorrelations, studied enumeration of words with a given
autocorrelation polynomial. They also proved a non-obvious statement:
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Corollary 5.1 from [135]
The sequence A005434 is independent of the alphabet size: the number
of possible autocorrelations is the same for binary, ternary and general
k-ary words.

In 2001, Rivals and Rahmann [213] improved the lower bound on κ(n)
and, among other things, showed that corresponding autocorrelation poly-
nomials form a lattice3 under the term set inclusion: for two autocorrelation
polynomials Aπ(x) and Aµ(x), we have Aπ(x) ⊆ Aµ(x) if and only if all
terms with coefficients 1 of Aπ(x) are also in Aµ(x) (see Figure 1.5).

In some cases, it is more convenient to encode autocorrelation polyno-
mials as binary words, it is possible because such polynomials have 0,1
coefficients. In other cases, authors prefer to consider period sets, i.e. sets of
powers of terms with coefficient 1. Using the notation from Definition 2 a
period set is expressed as {n − k : n ∈ S}.

1

1 + x4 1 + x3

1 + x2 + x4 1 + x3 + x4

1 + x + x2 + x3 + x4

Figure 1.5: Lattice structure of 6 possible autocorrelations of binary words
of size 5.

Guibas and Odlyzko conjectured that ln κ(n)
ln2 n

converges as n → ∞. In
2023, Eric Rivals, Michelle Sweering, and Pengfei Wang [214] proved the
conjecture, 42 years after Guibas-Odlyzko work: limn→∞

ln κ(n)
ln2 n

= 1
2 ln 2 =

0.72134752....
A non-trivial recursive predicate, proposed by Guibas and Odlyzko, can

be used for exact enumeration and exhaustive generation of autocorrelation
3In order theory, a lattice is a partially ordered set (a poset for short) with an additional

property: each pair of elements has a least upper bound and a greatest lower bound.
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polynomials. An incremental algorithm has been provided by Rivals [212].
For more details in this area, we refer the reader to Chapter 8 (written by
Mignosi and Restivo) of Lothaire’s book [179], and to Wang’s PhD the-
sis [238]. A C code, given by Sillke [222], also deserves the attention of
connoisseurs.

Now we are going to explain how to use autocorrelation polynomials in
order to obtain, in a relatively simple form, the bivariate generating function
Bµ(x, y) = ∑∞

n=0 ∑∞
k=0 bn,kxnyk for the number of words of size n having

exactly k occurrences of a self-overlapping pattern µ.
Consider for example the pattern µ = 01010. In the word 010101010

there are 3 occurrences of µ, the corresponding term in Bµ(x, y) is x9y3. The
word engenders 8 different words in the augmented set Lµ of binary words,
where some occurrences of the pattern are labelled. Again, all possible
labelling options should be considered. These 8 words correspond to 8
terms in the bivariate generating function Lµ(x, u). We replace u by y − 1
and, by symbolic inclusion-exclusion principle, obtain the only desired
term x9y3:

010101010 7→ x9u
+

010101010 7→ x9u
+

010101010 7→ x9u
+

010101010 7→ x9u2

+

010101010 7→ x9u2

+

010101010 7→ x9u2

+

010101010 7→ x9u3

+

010101010 7→ x9



=⇒

010101010 7→ x9(y − 1)
+

010101010 7→ x9(y − 1)
+

010101010 7→ x9(y − 1)
+

010101010 7→ x9(y − 1)2

+

010101010 7→ x9(y − 1)2

+

010101010 7→ x9(y − 1)2

+

010101010 7→ x9(y − 1)3

+

010101010 7→ x9



=⇒ 010101010 7→ x9y3.

As in the simple case of non-self-overlapping patterns, we have Bµ(x, y) =
Lµ(x, y − 1). On further reflection, we realise that it’s necessary to replace
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(y − 1)x|µ| in Eq. (1.7) by something more general. The clusters of self-
overlapping patterns can be of any size, they can be constructed as se-
quences of steps arising from the autocorrelation polynomial. So we have:

Bµ(x, y) = Lµ(x, y − 1) =
1

1 − 2x − Cµ(x, y − 1)
, (1.8)

where Cµ(x, u) = ux|µ|
1−u(Aµ(x)−1) enumerates sequences of overlapping occur-

rences (clusters) of the pattern µ, with the specific occurrences labelled by
u. This function is called cluster generating function. Comparing Eq. (1.7)
and Eq. (1.8) we see that the case of non-self-overlapping patterns follows
if Aµ(x) = 1.

We conclude that the distribution of a self-overlapping consecutive
pattern in binary words depends only on the associated autocorrelation
polynomial and the size of the pattern in question.

1.5.3 Tracking several patterns at the same time
Is it possible to track several patterns at the same time? To provide a
multivariate generating function

BΓ(x, y1, y2, . . . , y|Γ|) =
∞

∑
x=0

∞

∑
y1=0

· · ·
∞

∑
y|Γ|=0

bn,k1,k2,...,k|Γ|x
nyk1

1 yk2
2 · · · y

k|Γ|
Γ ,

where Γ = {µ1, µ2, . . . , µ|Γ|} is a finite set of patterns of finite sizes?

This question is treated in detail by Bassino, Clément and Nicodème [45],
together with Fayolle [44], see also a work of Noonan and Zeilberger [198].
In this introductory part, we only consider the case of binary words where
no pattern in Γ is a proper factor of another pattern in Γ. For instance, 101
is a proper factor of 1101.

In Eq. 1.8, the cluster generating function is Cµ(x, u) = ux|µ|
1−u(Aµ(x)−1) .

We need to replace it by something better suited to a set of patterns. Let’s
pretend for a moment, that we have such a generating function, and call it
CΓ(x, u1, u2, . . .). Since the overall structure is essentially the same—we still
have the words that are sequences of letters 0, 1, or clusters of overlapping
patterns—the following holds:

BΓ(x, y1, . . .) =
1

1 − 2x − CΓ(x, y1 − 1, y2 − 1 . . .)
. (1.9)
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Irish litterateur James Joyce once said, “For myself, I always write about
Dublin, because if I can get to the heart of Dublin I can get to the heart of all
the cities of the world. In the particular is contained the universal”. Joyce’s
book “Finnegans Wake” helped Murray Gell-Mann to spell properly the
word quark, which is now known to many, not just physicists and writers.

So, we will first look at two patterns 11 and 101, and then the general
case will follow pretty naturally. Denote by C{11,101} the set of clusters con-
structed by overlapping patterns 11 and 101, where the specific occurrences
of 11 are labelled by u1 and the specific occurrences of 101 are labelled by
u2. We decompose the set C{11,101} into two disjoint subsets

C{11,101} = E11 ⊎ E101,

where E11 contains only the clusters ending with 11, and E101 only the
clusters ending with 101.

For a set of words A and a word b, we let A · b = {a · b : a ∈ A}.
Applying a similar method that we used to derive Eq. 1.1 we obtain:

E11 = {11} ⊎ E11 · 1 ⊎ E101 · 1,
E101 = {101} ⊎ E11 · 01 ⊎ E101 · 01.

It is translated into a system of functional equations as follows:{
E11(x, u1, u2) = x2u1 + E11(x, u1, u2) · xu1 + E101(x, u1, u2) · xu1,

E101(x, u1, u2) = x3u2 + E11(x, u1, u2) · x2u2 + E101(x, u1, u2) · x2u2.

Omitting some parentheses, we can write this system in matrix form:

(
E11 E101

)
=
(

x2u1 x3u2

)
+
(

E11 E101

)(xu1 x2u2

xu1 x2u2

)
or (

E11 E101

)((1 0

0 1

)
−
(

xu1 x2u2

xu1 x2u2

))
=
(

x2u1 x3u2

)
. (1.10)

Solving this system we obtain:

E11 =
u1x2

1 − u1x − u2x2 , E101 =
u2x3

1 − u1x − u2x2 ,

C{11,101}(x, u1, u2) = E11 + E101 =
u1x2 + u2x3

1 − u1x − u2x2 ,
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B{11,101}(x, y1, y2) =
1

1 − 2x − C{11,101}(x, y1 − 1, y2 − 1)
.

We derived the generating function B{11,101}(x, y1, y2), where y1 cor-
responds to 11, y2 to 101. Now it is fairly easy to obtain the generating
function F(x, w) = ∑∞

n=0 ∑∞
k=0 fn,kxnwk for n-size words avoiding pattern

11 and having k occurrences of 101:

F(x, w) = B{11,101}(x, 0, w).

Table 1.2 shows some values extracted from this function by Taylor expan-
sion. As a matter of fact, we can also retrieve the generating function F(x),
see Eq. (1.2), as F(x) = B{11,101}(x, 0, 1). To enumerate words avoiding 11
and 101 (at the same time) we use B{11,101}(x, 0, 0).

k
n 1 2 3 4 5 6 7 8 9 10

0 2 3 4 6 9 13 19 28 41 60
1 1 2 3 6 11 18 30 50
2 1 2 3 7 14 24
3 1 2 3 8
4 1 2

Table 1.2: Number of binary words of size n avoiding 11 and having exactly
k occurrences of 101.

The matrix
(

xu1 x2u2

xu1 x2u2

)
is called correlation matrix for patterns 11 and

101, it encodes all possible overlappings of these patterns. In general case we
have several patterns: µ1, µ2, µ3, . . . The corresponding correlation matrix
is 

u1 · R11 u2 · R12 u3 · R13 . . .

u1 · R21 u2 · R22 u3 · R23 . . .

u1 · R31 u2 · R32 u3 · R33 . . .
... ... . . . . . .

 ,

where Rij is a polynomial representation of possible overlappings of the
pattern µi with the pattern µj (order is important). In particular, Rii =
Aµi(x)− 1.
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If we consider patterns 11, 100 and 001, the possible overlappings are

11 11 Ø

11 100

Ø Ø 100 100
001 001

001 001 Ø

11 100


,

and the correlation matrix is
u1x u2x2 0

0 0 u3(x + x2)

u1x u2x2 0

 ,

Denote by I the identity matrix, by M the correlation matrix, by T the
vector of starting patterns, and by E the vector of unknown generating
functions. The general form of Eq. (1.10) is

E(I − M) = T, (1.11)

and thus we have
E = T(I − M)−1.

Notice that the matrix (I − M) is always invertible. To compute the function
CΓ, the essential element of Eq. (1.9), we sum all entries of the vector E.
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Chapter 2

Endhered patterns in RNA

To attain knowledge, add things every day.
To attain wisdom, remove things every day.

— Lǎo Zı̌, Dào Dé Jı̄ng
Translated by Raymond B. Blakney

I
nspired by Hampikian-Andersen work [138] on nullomers (absent short

factors) in DNA sequences and an enthralling number of achievements
related to patterns in the combinatorial literature, I want to present
here some results on both theoretical and real-world data exploration

aspects of endhered (end-adhered) patterns in RNA-related discrete structures.
An endhered pattern is a subset of arcs in a matching, such that the

corresponding starting points are consecutive and the same holds for the
ending points. Figure 2.1 shows a hopefully intuitive visual interpretation
of a matching with occurrences of certain endhered patterns. The formal
definitions will be presented to the reader a few pages later.

contains 1 occurrence of pattern

and 3 occurrences of pattern

Amatching

2 1

2 3 1

Figure 2.1: Endhered patterns in a matching.
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This chapter is mostly based on the recently published paper co-authored
with Célia Biane, Greg Hampikian and Khaydar Nurligareev [62]. I have
added some figures and additional explanations. The chapter also includes
several results from an upcoming paper with Khaydar Nurligareev. Another
part of this work was presented in SeqBIM 2024, this part was developed
together with Daniel Pinson [63], during his internship at our lab. We exam-
ine the distribution of endhered patterns in matchings and real-world RNA
structures (with pseudoknots) derived from Protein Data Bank [55] using
x3DNA-DSSR [181, 182]1 and FR3D-python [201, 220]2. In the theoretical
setting, we sometimes use ad hoc combinatorics, and the Goulden-Jackson
cluster method allows us to solve the general case: derive the distribution of
any given endhered pattern(s). I will omit some proofs and details, adding
some thoughts about possible continuations of this work.

I would like also to express my gratitude to Matteo Cervetti, Yann Ponty
and Eric Rivals for fruitful discussions and to Justin Masson for his help
with Python code.

2.1 RNA secondary structures
Ribonucleic acids (RNAs) are macromolecules fulfilling many biological
functions: they code for protein, are involved in the regulation of gene
expression, can have catalytic activities and store the genetic information of
certain viruses. The simplified structure of RNAs is defined at the primary
level as sequences of four nucleotides: Adenine (A), Uracil (U), Guanine (G),
and Cytosine (C). Note that if we want to have a more detailed description
of the primary structure of RNA we need more letters, since several hundred
nucleotide modifications have already been discovered in nature.

The secondary structure, studied in this chapter, abstracts from the
nature of the nucleotide and considers only the bonds forming between
nucleotides during the synthesis of RNAs and shaping how the molecules
folds in space. Two types of bonds are formed during the RNA folding pro-
cess: phospho-diester bonds (known as strong bonds) are formed between
pairs of consecutive nucleotides in the sequence forming the RNA chain,
and hydrogen bonds (also known as weak bonds) are formed between pairs
of nucleotides distant in the sequence. The secondary structure represents
an intermediate level between the primary sequence and the shape, and
has the advantage of being both relevant from a biological perspective and
tractable from a computational point of view.

1See https://x3dna.org/.
2Available at https://github.com/BGSU-RNA/fr3d-python.
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RNA secondary structures have been formalized as graphs primarily
by Waterman [239]. Ponty [176] gives a variant of Waterman definition
of RNA secondary structure without pseudoknots and having a minimal
number θ of unpaired positions between pair positions. Formally, Waterman-
Ponty RNA secondary structure S of size n is defined as a set of base-pairs
(i, j), 1 ⩽ i < j ⩽ n, such that:

1. Each position is monogamous, ∀(i, j) ̸= (i′, j′) ∈ S : {i, j} ∩ {i′, j′} =
∅.

2. Minimal distance θ between paired nucleotides, ∀(i, j) ∈ S : j − i ⩾ θ.

3. No pseudoknot allowed, ∀(i, j), (i′, j′) ∈ S, i < i′ : (j′ < j) or (j < i′).

These structures can be represented using the dot-bracket notation. A
secondary structure of an n-nucleotide RNA is encoded as an n-length
sequence of parentheses “(”,“)” and dots “.”, where an open parenthesis
corresponds to a nucleotide paired to another nucleotide represented by a
closed parenthesis, and dots correspond to unpaired nucleotides. The ex-
tended dot-bracket notation includes also other types of parentheses: “[]”, “{}”,
“<>”, “aA”, etc. The extended dot-bracket notation enables the representa-
tion of pairings in pseudoknots. Figure 2.2 shows 4 different representations
of an example of RNA secondary structure.

(a)
1 5 10 15 20 25 30 35 

(b)

...(((....[[[.)))...((((.]]]....))))...

(c)
(4,17),(5,16),(6,15),(11,28),(12,27)(13,26),(21,36),(22,35),(23,34),(24,33)

(d)

Figure 2.2: A drawing (a), an arc diagram (b), an extended dot bracket
notation (c), and a set of pairs (d) representing an example of an RNA
secondary structure.

Other models of RNA secondary structures were studied from combina-
torial point of view. Haslinger and Standler [140] examined enumerative
and asymptotic properties of bi-secondary structures, i.e. arc diagrams with
arcs both in upper and lower part of the plane but without arc intersec-
tions. The concept of RNA shape was introduced by Giegerich, Voss, and
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Rehmsmeier [125] who developed an algorithm for the computation of mini-
mum free energy RNA shapes. The number and asymptotics of RNA shapes
was studied by Lorenz, Ponty, and Clote [177]. Reidys and Wang [210] con-
sidered a generalization of RNA shapes defined on k mutually-crossing
arcs.

We look at RNA structures with no restrictions on the number of arc
crossings.

2.2 Patterns in RNA secondary structures

At the biological level, common patterns have been observed in secondary
structures: single strand regions, hairpin and internal loops, bulges and
various computational tools exist for detecting these patterns from primary
sequence, including the work of Macke et al. [185] More and more infor-
mation is being gathered from three-dimensional reconstructions of RNA
molecules paving the way to a better comprehension of the laws governing
the RNA folding process and the formation of RNA patterns.

Rødland [218] proposed a classification of RNA secondary structures
in four level of abstractions: nucleotide, ladder, stem and collapsed level,
based on the considered internal patterns. In his work, the nucleotide
level corresponded to structures with arc diagrams containing unpaired
nucleotides, the ladder level corresponded to structures abstracted from un-
paired nucleotides, the stem level was abstracted from bulges and internal
loops, and the collapsed level was abstracted from nested loops. Rødland
studied different kind of pseudoknot patterns of increasing complexity:
H-pseudoknot, double hairpin pseudoknot and pseudotrefoil. He counted
these patterns in RNA secondary structures of increasing complexity and
studied their asymptotics. He also showed that the theoretical number
of pseudoknots in secondary structures is higher than in real secondary
structure of the Rfam [132, 133] and PseudoBase [235] databases. Note
that Rødland’s collapsed structures correspond to RNA shapes studied by
Giegerich, Voss, and Rehmsmeier [125].

Quadrini [208] addressed the problem of searching a given structural
pattern, defined as a sequence of crossing loops in a RNA secondary struc-
ture or shape and characterized by arbitrary number of pseudoknots. She
proposed polynomial time algorithms for their identification. A paper by
Gan, Pasquali, and Schlick [116] studied RNA structures and their patterns
using graph-based representations. In the future, it would be interesting to
compare the relationships between different kinds of patterns.

22



2.3 Endhered patterns in matchings

2.3.1 Basic definitions
By matching of size n, we mean the sequence of 2n points (1, 2, 3, . . . , 2n)
endowed with a set of n arcs, such that every point is linked to one and
only one another point. Figure 2.3a shows examples of matchings of small
sizes.

A permutation of size n is a bijection from the set {1, 2, . . . , n} to itself. It
can be represented as a sequence π = π1π2 . . . πn, meaning that i is sended
to πi. The set of all size-n permutations equipped with their composition
form a symmetric group Sn. A transposition of two elements, written as (ab),
sends a to b and vice-versa. See books by Bóna [76], Kitaev [164] and
Stanley [225, 227] for more details about the classical notations and results.

Matchings of size n can be considered as fixed-point-free involutions
(self-inverses) in the symmetric group S2n. Thus, the matching with 4 arcs at
the bottom of Figure 2.3a can be represented by the permutation 3 6 1 5 4 2 8 7,
which is the product of disjoint transpositions (13)(26)(45)(78).

Corresponding
permutations

1 2 3 4 5 6 7 8
3 6 1 5 4 2 8 7

1 2 3 4 5 6
4 3 2 1 6 5

2 11 2

1 2 3 4
2 1 4 3

Matchings

(a)

2(n− 1) old points

2(n− 1) + 1 possible new arcs endings

. . .{
(b)

Figure 2.3: An example of a matching construction, corresponding permu-
tations (a) and a schema of recursive construction of matchings (b).

For a positive integer n, any matching of size n can be uniquely con-
structed from some matching of size n − 1 by the following procedure. We
add a new arc starting at the left of the already existing 2(n − 1) points
and ending at some of 2(n − 1) + 1 possible new positions, see Figures 2.3b
and 2.4. This observation leads us to the following recurrence relation for
the number of matchings of size n: an = (2n − 1)an−1 with a0 = 1. As
a consequence, an = (2n − 1)!! = (2n − 1) · (2n − 3) · . . . · 3 · 1. The cor-
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Figure 2.4: First levels of a recursive construction of matchings.

responding sequence starting with 1, 1, 3, 15, 105, 945, 10395 is known as
A1147 in Sloane’s Encyclopedia [200].

In mathematical literature, matchings often appear in different con-
texts, from the representation theory of Lie algebras [77] to the geometry
of moduli spaces of flat connections on surfaces [3]. Efficient generating
algorithms for involutions with (without) fixed points were established
by Vajnovszki [234]. Ardnt’s book [4] also presents interesting generating
algorithms for involutions and other combinatorial structures.

Different kinds of patterns in matchings are being actively studied in
combinatorics for the past twenty years. Initially, the interest to this topic
came from the rapidly developing study of permutation patterns, since a
matching can be thought as a permutation of a specific form. From this
perspective, we say that a matching σ is a pattern in a matching µ if σ can be
obtained from µ by deleting some of its arcs (and consistently relabelling
the remaining vertices). For instance, Chen, Deng, Du, Stanley, and Yan [82]
studied distributions of crossings and nestings. Jelı́nek [151], as well as
Bloom and Elizalde [66], considered pattern avoiding matchings in the
case when σ is a permutational matching of size 3. An extension for more
general patterns was elaborated by Cervetti and Ferrari [80], while other
authors, such as Chen, Mansour and Yan [83], Jelı́nek and Mansour [152],
considered partial patterns.

As we see, what matters in the above investigations is the relative posi-
tions of arcs that form a pattern. At the same time, the distances between
starting and ending points of these arcs are not fixed. The main object of our
study concerns specific restrictions imposed on the arcs. Namely, the start-
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ing points of a pattern, as well as its ending points, form an interval, while
the distance between these two intervals may vary. We call such patterns
endhered (end-adhered) to emphasize the nature of these restrictions.

Definition 3. An endhered pattern is a matching, such that the starting point
of any of its arcs precedes the ending point of any other arc. In other words,
a matching of size p written as a permutation σ = σ1 . . . σ2p is an endhered
pattern if π = σp+1 . . . σ2p is a permutation of size p (such matchings are
also called permutational). Figure 2.5a presents an example of an endhered
pattern of size 3. In the following, we identify endhered patterns with the
corresponding permutations.

We say that a matching µ = µ1 . . . µ2n contains an endhered pattern
π = π1 . . . πp at position (i + 1, j + 1), where i ⩾ 0 and i + p ⩽ j ⩽ n − p, if

µs+i = π−1
s + j, s = 1, . . . , p

(here, π−1 = π−1
1 . . . π−1

p is the inverse to the permutation π). In other
words, µ contains p arcs whose starting points are i + 1, . . . , i + p, whose
ending points are j + 1, . . . , j + p, and that form the endhered pattern π.
Figure 2.5b shows an example of a matching containing the pattern shown
on Figure 2.5a.

4 5 61 2 3

π = 23 1σ = 64 5 2 3 1

(a)

4 5 61 2 3 10 11 127 8 9 13 14
i = 1

j = 7

π−1 = 31 2µ = 5 10 8 9 1 7 6 3 4 2 14 13 12 11

(b)

Figure 2.5: Endhered pattern 231 (a) and an example (b) of its occurrence.

The endhered patterns have rarely been studied in the literature, al-
though they may shed light on the formation of collapsed RNA structures
from Rødland’s paper about pseudoknots [218]. The only work in this
direction that we are aware of is the paper of Baril [25] who examined one
of two endhered patterns of size 2 in his study on irreducible involutions
and permutations.

2.3.2 Endhered twists
Given an endhered pattern π, let us denote by an,k(π) the number of match-
ings of size n with k occurrences of π. If, additionally, τ is another endhered
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pattern, then we designate by an,k,m(π, τ) the number of matchings of size n
with k and m occurrences of patterns π and τ, respectively. Certain patterns,
for instance π = and τ = , have the same distribution, meaning
that an,k(π) = an,k(τ). Here we establish such equidistributed classes of
endhered patterns with the help of bijections, i.e. without direct enumera-
tion. To this end, we apply matching transformations that we call endhered
twists.

Figure 2.6: An example of the right endhered twist, runs of right points are
underlined.

Definition 4. The left endhered twist (resp. right endhered twist) is a trans-
formation that takes a matching µ and produces a matching letw(µ) (resp.
retw(µ)) such that all runs of consecutive starting (resp. ending) points are
reversed. Figure 2.6 shows an example of the right twist.

Endhered twists of endhered patterns correspond to classical symmetries
on permutations. Thus, the right endhered twist applied to an endhered
pattern π = π1 . . . πp is its reverse: retw(π) = πp . . . π1. At the same time,
the left endhered twist is the complement: letw(π) = (p + 1 − π1) . . . (p +
1 − πp). For example,

retw(321) = 123, retw(231) = 132, retw(312) = 213,
letw(321) = 123, letw(132) = 312, letw(213) = 231.

Geometrically, if we represent permutations as square tables, the endhered
twists are axial symmetries (see Figure 2.7).

retwletw

2 1 3 2 3 1 1 3 2

Figure 2.7: Geometrical meaning of endhered twists.

Lemma 5. Two endhered patterns π and τ of the same size have the same joint
distribution if they are identical under the left or right endhered twists. In other
words, if π = letw(τ) or π = retw(τ), then

an,k,m(π, τ) = an,k,m(τ, π) (2.1)
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for any integers n, k and m. In particular, an,k(π) = an,k(τ).

Proof. Suppose that π is obtained from τ by applying the left endhered twist.
Let µ be a matching containing k occurrences of π and m occurrences of τ.
Applying the left twist to the whole µ, we transform every occurrence of π
to τ and vice versa. No other occurrence of π or τ are created. This implies
relation (2.1). The cases of the right twist is obtained mutatis mutandis.

Given a positive integer n and an endhered pattern π, the value an,0(π)
is the number of matchings of size n avoiding π. We say that two endhered
patterns π and τ are Wilf equivalent if an,0(π) = an,0(τ) for every n. For
example, Wilf equivalent patterns of size 2 and 3 are shown in Figure 2.8.
Matchings avoiding the pattern correspond to involutions with no
fixed points and no successions considered by Baril [25].

For the endhered patterns of size 2 and 3, as we will see, their Wilf
equivalence implies that the corresponding patterns are equidistributed. In
other words, if an,0(π) = an,0(τ) for every n, then an,k(π) = an,k(τ) for all
n and k. In the general case, this question is not trivial.

2 1 1 2

3 2 1 1 2 3

∼=

∼=
2 3 1 3 1 2

2 1 31 3 2

∼=

∼=

∼= ∼=

Figure 2.8: Wilf equivalence classes of endhered patterns of size 2 and 3.

Corollary 6. The joint distribution of the endhered patterns π = 1 . . . p and
τ = p . . . 1 is symmetric. In particular, the number of size-n matchings containing
k and m equals the number of size-n matchings containing m and
k .

Corollary 6 is consistent with the result of Chen, Deng, Du, Stanley,
and Yan [82] who showed that, in the case of classical patterns, the joint
distribution of crossings and nestings is symmetric.

2.3.3 Endhered patterns of size 2
It follows from Lemma 5 that patterns and have the same distri-
bution, so we need only to enumerate one of them. Skipping the proofs, I
cite here a few results from our paper [62]. For simplicity, let an,k stand for
an,k(21).
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Theorem 7. For n ⩾ 1, the number of size-n matchings containing exactly k
occurrences of pattern (resp. ) satisfies

an+1,k = an,k−1 + 2(n − k) · an,k + 2(k + 1) · an,k+1

a1,0 = 1

a1,k = 0, k ̸= 0.

Formally, we allow negative values of k. It follows that an,k = 0 whenever k < 0.
Table 2.1 shows first values of an,k. With this table and those that follow

in the text, we can see the big picture of the initial terms, intuitively under-
stand how they grow, formulate hypotheses about the global (asymptotic)
behavior of these numerical sequences and prove them [62].

k
n 1 2 3 4 5 6 7 8 9 OEIS

0 1 2 10 68 604 6584 85048 1269680 21505552 A165968
1 0 1 4 30 272 3020 39504 595336 10157440 A179540
2 0 0 1 6 60 680 9060 138264 2381344
3 0 0 0 1 8 100 1360 21140 368704
4 0 0 0 0 1 10 150 2380 42280
5 0 0 0 0 0 1 12 210 3808
6 0 0 0 0 0 0 1 14 280
7 0 0 0 0 0 0 0 1 16
8 0 0 0 0 0 0 0 0 1

Table 2.1: Distribution of pattern (21).

For any n > k ⩾ 0, we have

an,k =

(
n − 1

k

)
an−k,0 and an+1,0 =

n

∑
k=0

(−1)n−k
(

n
k

)
(2k + 1)!!,

where m!! denotes the double factorial of m,

m!! =

{
m(m − 2)(m − 4) · · · 4 · 2 if m is even,
m(m − 2)(m − 4) · · · 3 · 1 if m is odd.

The exponential generating function B(z, u) defined as

B(z, u) :=
∞

∑
n=0

n

∑
k=0

an+1,k
zn

n!
uk,
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satisfies

B(z, u) =
ez(u−1)√
(1 − 2z)3

.

The exponential generating function of the shifted k-th row of Table 2.1 is

[uk]B(z, u) =
zk

k!
· e−z√

(1 − 2z)3
.

Theorem 8. The asymptotic behavior of the numbers of matchings with k occur-
rences of pattern (resp. ), as n → ∞, is

an,k ∼
1

2kk!

(
2
e

)n+1/2

nn.

Corollary 9. The limit distribution of pattern (resp. ) in a uniform
random matching of size n follows asymptotically a Poisson law with parameter
1/2.

Corollary 10. The ratio of numbers from the k-th row to the numbers of the
(k + 1)-th row of Table 2.1 tends to 2(k + 1). In other words, for any k ∈ N,

an,k

an,k+1
∼ 2(k + 1).

2.3.4 Patterns of size 3 and more
There are six endhered patterns of size 3. They are divided into two equiva-
lence classes with respect to distributions of these patterns in matchings
(see Fig. 2.8). We use the following notations:

cn,k := an,k(321) = an,k(123)

to denote the number of matchings of size n containing k patterns 321
( ), and

dn,k := an,k(132) = an,k(213) = an,k(231) = an,k(312)

to designate the number of matchings of size n containing k patterns 132
( ). Tables 2.2 and 2.3 show the first values.

In [62] we proved the following theorem.
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k
n 1 2 3 4 5 6 7 8 9

0 1 3 14 100 906 10022 130864 1969884 33583700
1 0 0 1 4 34 332 3866 52400 811248
2 0 0 0 1 4 36 362 4304 59256
3 0 0 0 0 1 4 38 392 4752
4 0 0 0 0 0 1 4 40 422
5 0 0 0 0 0 0 1 4 42
6 0 0 0 0 0 0 0 1 4
7 0 0 0 0 0 0 0 0 1

Table 2.2: Distribution of pattern (321).

k
n 1 2 3 4 5 6 7 8 9

0 1 3 14 99 900 9978 130455 1965285 33522915
1 0 0 1 6 45 414 4635 61110 927090
2 0 0 0 0 0 3 45 630 9405
3 0 0 0 0 0 0 0 0 15

Table 2.3: Distribution of pattern (132).

Theorem 11. For any n > 0 and k ⩾ 0,

cn,0 =
⌊n/2⌋
∑
s=0

(
n − s

s

)
an−s,0,

cn,k =
⌊(n−k)/2⌋

∑
s=1

(
k + s − 1

k

)(
n − k − s

s

)
an−k−s,0 if k > 0,

where an,0 is the number of matchings of size n avoiding pattern 21 ( ).

Theorem 11 is nice and even beautiful in a certain sense. But, ad hoc
combinatorics gets tricky at this point. So, let me show by examples how
to use the Goulden-Jackson method and the symbolic inclusion-exclusion
principle in the case of endhered patterns.

We start by considering all possible matchings. The corresponding
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generating function is given by

F(z) =
∞

∑
n=0

(2n − 1)!! zn = 1 + z + 3z2 + 15z3 + 105z4 + 945z5 + . . .

In every matching, we distinguish certain arcs, say, by coloring them violet.
Algebraically, this is done by passing to the generating function

G(z, v) =
∞

∑
n=0

n

∑
k=0

gn,kznvk = F(z + zv),

where gn,k is the number of matchings of size n with k violet arcs (marked
by the variable v).

Take, for instance, a pattern . We replace violet arcs by “thick
arcs” forming an occurrence of pattern (see Figures 2.9 and 2.10). In
general case, we should replace them by clusters consisting of intersected
copies of a given pattern; pattern , however, admits no possible
self-intersection. The corresponding generating function is

H(z, v) = G(z, z2v).

Figure 2.9: Schematic replacement of distinguished edges with patterns of
interest.

z9v2

z9v

z9v

z5v2
zv 7→ z3v

v = u− 1z7v

z9
} z9u2

z7v

Figure 2.10: Cluster method and the inclusion-exclusion principle for pat-
tern .

And finally, according to the inclusion-exclusion principle, we obtain
the generating function

D(z, u) =
∞

∑
n=0

n

∑
k=0

dn,kznuk = H(z, u − 1)
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whose coefficients dn,k enumerate the matchings of size n having k occur-
rences of the pattern . Figure 2.10 illustrates a part of this process.
The following result takes place.

Theorem 12. The bivariate generating function

D(z, u) =
∞

∑
n=0

n

∑
k=0

dn,kznuk,

where dn,k is the number of matchings of size n containing k patterns can
be expressed as

D(z, u) = F
(
z + (u − 1)z3) = ∞

∑
n=0

(2n − 1)!!
(
z + (u − 1)z3)n.

To obtain bivariate generating functions for patterns with possible self-
intersections we need to generate clusters of them. And thus, we need to
define autocorrelation polynomials in the context of endhered patterns.

Definition 13. An autocorrelation polynomial Aπ(z) for an endhered pattern
π of size n is defined as

Aπ(z) = 1 + ∑
k∈S

zn−k,

where S is the set of sizes of possible intersections of two different occur-
rences of the pattern π in some matching. In other words, zn−k means that
two occurrences have k edges in common.

Some examples of autocorrelation polynomials:

Pattern Autocorrelation
A21(z) = 1 + z,

A12(z) = 1 + z,

A132(z) = 1,

A321(z) = 1 + z + z2,

A3412(z) = 1 + z2,

A7564231(z) = 1 + z3 + z6.
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z

z

z2

z

Figure 2.11: Examples of endhered pattern overlappings and corresponding
terms of autocorrelation polynomials.

Certain overlappings are shown on Figure 2.11.

Clusters for the pattern (21) looks like stacks of edges: we start by
one occurrence of , then we add a sequence of m edges on top of it, creat-
ing m new occurrences of the pattern . The generating function for these
clusters is z2

1−vz . Replacing distinguished edges by a cluster, we calculate
G
(
z, vz

1−vz
)
, and the inclusion-exclusion process goes like clockwork:

H21(z, v) = G
(

z,
vz

1 − vz

)
,

D21(z, u) = H21(z, u − 1).

For we have:

H321(z, v) = G
(

z,
vz2

1 − v(z + z2)

)
,

D321(z, u) = H321(z, u − 1),

and Figure 2.12 illustrate the inclusion-exclusion principle in this case.

In general, for the pattern π of size ℓ, the generating function for clusters
is vzℓ

1−v(Aπ(z)−1) , and we should replace any vz in G(z, v) by pzℓ

1−p(Aπ(z)−1) , so
we have the following result.
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Theorem 14. For a given endhered pattern π of size ℓ with autocorrelation poly-
nomial Aπ(z), we have

Hπ(z, v) = G

(
z,

vzℓ−1

1 − v(Aπ(z)− 1)

)
,

Dπ(z, u) = Hπ(z, u − 1) = F

(
z +

(u − 1)zℓ

1 − (u − 1)(Aπ(z)− 1)

)
=

=
∞

∑
n=0

(2n − 1)!!

(
z +

(u − 1)zℓ

1 − (u − 1)(Aπ(z)− 1)

)n

.

z5v3
vz 7→ vz3

1−v(z+z2)

z5v2

v = u− 1

z5v

z5v

z5v

z5v2

z5v2

z5

z5u3

zv

zv

z2v

z2v

z3v

z3v

z3v

}
Figure 2.12: Clusters and the inclusion-exclusion principle for pattern

. Replace every violet edge by a cluster of intersecting occurrences
of the pattern.

For a pattern 7564231, depicted on Figure 2.13, the autocorrelation poly-
nomial is A(7564231) = 1 + z3 + z6 and the first terms of its distribution
are shown in Table 2.4. From Theorem 14 we obtain the following corollary.
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Figure 2.13: Endhered pattern 7564231.

k
n 1 2 3 4 5 6 7 8 9 10

0 1 3 14 105 945 10395 135134 2027019 34459380 654728656
1 0 0 0 0 0 0 1 6 45 418
2 0 0 0 0 0 0 0 0 0 1

Table 2.4: Distribution of pattern 7564231.

Corollary 15. The distribution of pattern the π depends only on its size and
its autocorrelation polynomial. Two patterns, of the same size, having the same
autocorrelation polynomial will have the same distribution.

In order to generalize Lemma 5, we consider two patterns π and σ,
such that neither of the two is contained in the other, and examine the joint
distribution

Dπ,σ(z, u, w) =
∞

∑
n=0

∞

∑
k=0

∞

∑
m=0

dn,k,mznukwm

whose coefficient dn,k,m is the number of matchings of size n containing k
occurrences of π and m occurrences of σ.

Again, we replace violet edges in matchings by clusters of patterns and
apply the inclusion-exclusion principle. The clusters in the two-pattern case
look slightly different, now they are formed from π and σ, may contain
both of them, and we need two variables p and s to distinguished π and
σ. An occurrence of π can overlap with an occurrence of σ, so, in addition
to autocorrelation polynomials Aπ(z) and Aσ(z), we need some way to
describe possible overlappings between these two patterns.

Definition 16. A correlation polynomial Aπ,σ(z) for two different endhered
patterns π and σ, such that neither of the two is contained in the other, is
defined as

Aπ,σ(z) = ∑
k∈S

zn−k,

where S is the set of sizes of possible intersections of π with σ. The order of
patterns matters, we represent them as permutations to determine which
patterns comes first in the cluster, see Figure 2.14 for visual explanations.
In general, Aπ,σ(z) ̸= Aσ,π(z).
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3 1 2

3 4 1 2
5 3 4 1 2

2 1 3

2 1 4 3
2 1 4 3 5

z2

z

Figure 2.14: Order of overlapped endhered patterns in clusters and corre-
sponding terms of autocorrelation polynomials.

Some examples of correlation polynomial:

Pattern Correlation
, A12,21(z) = 0,

, A21,12(z) = 0,

, A132,213(z) = z,

, A213,132(z) = z2,

, A312,231(z) = z,

, A231,312(z) = z2,

, A312,3412(z) = z2,

, A3412,312(z) = 0.

A cluster either ends with π or with σ, the corresponding generating
functions are Cπ(z, p, s) and Cσ(z, p, s), where z marks the size of cluster, p
marks the labelled occurrences of π and s marks the labelled occurrences
of σ. A cluster ending with π can be of three forms:

• constructed from a cluster ending with π by appending another oc-
currence of π according to the autocorrelation polynomial Aπ(z);

• constructed from a cluster ending with σ by appending a new occur-
rence of π according to the correlation polynomial Aσ,π(z);
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• contains only the occurrence of π, so we have the term z|π| · p, where
|π| denotes the size of π.

Clusters ending with σ are constructed in a similar manner. In order to find
Cπ and Cσ we need to solve the following system of functional equations (we
don’t write parentheses for functions on purpose to make it more compact):{

Cπ = (Aπ − 1) · Cπ · p + Aσ,π · Cσ · p + z|π| · p,
Cσ = (Aσ − 1) · Cσ · s + Aπ,σ · Cπ · s + z|σ| · s.

Computing C(z, p, s) = Cπ(z, p, s) + Cσ(z, p, s) we obtain:

C(z, p, s) =
ps ·

(
z|π|(Aπ,σ − Aσ + 1) + z|σ|(Aσ,π − Aπ + 1)

)
+ pz|π| + sz|σ|

ps ·
(

Aπ Aσ − Aπ − Aσ − Aπ,σ Aσ,π + 1
)
− Aπ p − Aσs + p + s + 1

.

And finally, we have:

Hπ,σ(z, p, s) = G
(

z,
C(z, p, s)

z

)
,

Dπ,σ(x, u, w) = Hπ,σ(z, u − 1, w − 1).

Note that, if |π| = |σ| and Aπ = Aσ, the function C(x, p, q) is symmetric
under the change p ↔ s, so we obtain the following result, which can be
regarded as a stronger version of Lemma 5.

Theorem 17. Two patterns π and σ of the same size have the symmetric joint
distribution if they have the same autocorrelation polynomial.

A permutation that corresponds to endhered pattern whose occurrences
cannot share any edges is called strongly non-overlapping. In a recent work
with Khaydar Nurligareev [163] we show, among other things, that almost
all permutations are strongly non-overlapping. Therefore, endhered pat-
terns also almost always have no possible self-intersections, so the great
majority of patterns of the same size have the same distribution, and almost
always two patterns of the same size have the symmetric joint distribution.

With Khaydar Nurligareev we are currently working on a paper about
exact and asymptotic distribution of endhered patterns in a general case.
I’ll show you some results here, without proofs.

For instance, the limit distributions of patterns and are
different. In the case of , for a fixed k ⩾ 0, as n → ∞, we have
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cn,k ∼
√

2 · Ck ·
(2n)n−k

en ,

where

C0 = 1 and Ck =
k

∑
s=1

(
k − 1
s − 1

)
1

2ss!
if k > 0.

On the other hand, for we have

dn,k ∼
2n−2k+1/2

k!en · nn−k,

as n → ∞. In other words, for large values of n, we have

cn,k

(2n − 1)!!
∼ Ck

2k · 1
nk and

dn,k

(2n − 1)!!
∼ 1

22kk!
· 1

nk ,

meaning that a large uniform random matching avoids both patterns with
high probability.
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2.4 Endhered patterns in real RNA
In paper [62] we also have conducted a study of native (real-world) RNA
data and discuss how endhered patterns are distributed in various repre-
sentations of the secondary RNA structures. These structures were obtained
from Protein Data Bank [55]3 using our Python scripts4. The scripts depend
on GEMMI [244]5 to parse mmCIF files from PDB and use two methods
to detect base pairs in RNA molecules: a closed-source software x3DNA-
DSSR [181, 182]6 and an open-source software FR3D-python [201, 220]7.

The software x3DNA-DSSR directly produces extended dot-bracket
notations. To derive these notations x3DNA-DSSR uses only canonical
pairs: A-U, C-G, wobble G-U, and A-T (in RNA-DNA hybrids) with cis.
Watson-Crick/Watson-Crick interactions and without forming parallel mini-
duplexes. FR3D-python gives a list of base pairs. We parse its results, filter
canonical base pairs à la x3DNA-DSSR, and produce extended dot-bracket
notations using a simple First-Come-First-Served method.

There are several hundred known, existing in nature, modifications of
nucleotides. In the data they are denoted by special one-, two-, or three-letter
codes, different from the classical 4 letters UACG. Modified nucleotides are
mapped to short 1-letter nucleotide names. For example A23 is mapped
A, EQ0 to G, and CCC to C. The Nucleic Acid KnowledgeBase [54, 173]8

contains details for these mappings. Following x3DNA-DSSR9 we adapted
one exception to these rules: pseudouridine (PSU) is mapped to P and not
to U. This adaptation allows us to better compare the x3DNA-DSSR and
FR3D-python results.

From the RNA secondary structures obtained with x3NA-DSSR and
FR3D-python, we collapsed unpaired nucleotides in order to keep only
paired ones. When keeping only RNA structures composed of one chain,
this leads to 1501 RNA structures, in 933 (resp. 929) of them x3DNA-DSSR
(resp. FR3D-python) has found at least one canonical base pair. The data
has been accessed on August 29, 2024.

The structures in the extended dot-bracket notation are converted to
matchings using an algorithm based on stacks. The algorithm works as
follows: the word composed of parentheses is read from left to right, when

3PDB, https://www.rcsb.org
4Our scripts are available at https://gitlab.com/celiabiane/endhered_pattern
5https://github.com/project-gemmi/gemmi
6https://x3dna.org/
7https://github.com/BGSU-RNA/fr3d-python
8https://www.nakb.org/modifiednt.html
9See http://forum.x3dna.org/rna-structures/modified-nucleotides-incorrect

39

https://www.rcsb.org
https://gitlab.com/celiabiane/endhered_pattern
https://github.com/project-gemmi/gemmi
https://x3dna.org/
https://github.com/BGSU-RNA/fr3d-python
https://www.nakb.org/modifiednt.html
http://forum.x3dna.org/rna-structures/modified-nucleotides-incorrect


an opening character is met its index is stacked in a stack corresponding
to the nature of the character. When a closing character is met, a pair
corresponding to the last index in the corresponding stack and the current
index is added to the matching, and the index of the opening parenthesis is
unstacked. Figure 2.15 shows an example of this conversion.

Stack () Stack []

Matching

Step 1 :

1

( ) ( [ ( ) ) ]
1 2 3 4 5 6 7 8
^ 

Stack () Stack []

Matching

Step 3:

3

( ) ( [ ( ) ) ]
1 2 3 4 5 6 7 8
^ ^ ^ (1,2)

Stack () Stack []

Matching

Step 4:

3

( ) ( [ ( ) ) ]
1 2 3 4 5 6 7 8
^ ^ ^ ^

4

(1,2)

Stack () Stack []

Matching

Step 5:

5
3

( ) ( [ ( ) ) ]
1 2 3 4 5 6 7 8
^ ^ ^ ^ ^

4

(1,2)

Stack () Stack []

Matching

Step 6:

3

( ) ( [ ( ) ) ]
1 2 3 4 5 6 7 8
^ ^ ^ ^ ^ ^

4

(1,2),(5,6)

Stack () Stack []

Matching

Step 7:

( ) ( [ ( ) ) ]
1 2 3 4 5 6 7 8
^ ^ ^ ^ ^ ^ ^

4

(1,2),(5,6),(3,7)

Stack () Stack []

Matching

Step 8:

( ) ( [ ( ) ) ]
1 2 3 4 5 6 7 8
^ ^ ^ ^ ^ ^ ^ ^ (1,2),(5,6),(3,7),(4,8)

Stack () Stack []

Matching

Step 2:

( ) ( [ ( ) ) ]
1 2 3 4 5 6 7 8
^ ^ (1,2)

Figure 2.15: Example of conversion from dot-bracket notation to a matching.

The distribution of patterns and in RNA secondary struc-
ture is shown in Figure 2.16. We can observe that the majority of RNA
secondary structures are of small size (between 0 and 100 nucleotides), and
there seems to be a linear relation between the size of the matching and the
number of occurrence of the pattern. This can be explained by the large
number of hairpin patterns in RNA secondary structures.

Both x3DNA-DSSR and FR3D-python detect 2 RNA structures contain-
ing the pattern: 4M4O, 5U3G. One of them, 4M4O, corresponds to
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Figure 2.16: Scatter plot of the number of occurrences of patterns 21 and 321
as a function of the size of the matching. Axes are in logarithmic scale. RNA
with no occurrences of patterns 21 and 321 are not displayed. Matchings are
obtained using FR3D-python, the results for x3DNA-DSSR are similar and
available on git repository https://gitlab.com/celiabiane/endhered_
pattern.

the minE aptamer involved in a complex with a lysozyme. Both methods,
based on x3DNA-DSSR and FR3D-python, give the following secondary
structure:

((((((.(((((.((.......((((.(.(.[..)]..).)))))).))))).))))))

Another one, 5U3G, is the Dickeya dadantii ykkC riboswitch, which has
the following secondary structure:

x3DNA-DSSR: ((((((..((...(((((....))))).))....))))))(((((((....))))))).(.[...(((.......))).)..]..
FR3D-python: .(((((..((...(((((....))))).))....))))).(((((((....))))))).(.[...(((.......))).)..]..

Diving into the data, we see that FR3D-python does not detect GTP-C pair
on position (1,40) in this case.
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The results of two methods differ in the case of molecule 7K16 (Tamana
Bat Virus xrRNA1):

x3DNA-DSSR: {{...((((((((....))))))((((...[[[...))))}}.))...]]]
FR3D-python: .(...[[((((((....))))))((((...{{{...)))))..]]...}}}

In this case x3DNA-DSSR detects, in addition to FR3D-python, a 5GP-C
base pair on position (1,42). Removing this pair, we create a pattern.
Table 2.5 presents RNA secondary structures and RNA shapes (explained
below) that contain at least one occurrence of a given pattern.

Pattern RNA secondary structure Extended RNA shape
x3DNA-
DSSR

FR3D-
python

x3DNA-DSSR FR3D-python

926 921 0 0
2 (4M4O,
5U3G)

3 (4M4O,
5U3G,
8SH5)

59 (1A60, 1E95, 1KAJ,
1KPD, 1KPY, 1KPZ,
1L2X, 1L3D, 1RNK,
1YG3, 1YG4, 1YMO,
2A43, 2AP0, 2AP5,
2G1W, 2K95, 2K96, 2LC8,
2M58, 2M8K, 2RP0,
2RP1, 2TPK, 2XDB,
3IYQ, 3IYR, 3IZ4, 3U4M,
3U56, 3UMY, 437D,
4M4O, 4PQV, 4QG3,
4QVI, 4R8I, 5KMZ,
5NPM, 5TPY, 5U3G,
6AGB, 6AHR, 6DLQ,
6DLR, 6DLS, 6DLT,
6DNR, 6E1T, 6E1V,
6VUH, 7K16, 7U4A,
7UO5, 8HIO, 8T29, 8T2A,
8T2B, 8T2O)

60 (1A60, 1E95, 1KAJ,
1KPD, 1KPY, 1KPZ,
1L2X, 1L3D, 1RNK,
1YG3, 1YG4, 1YMO,
2A43, 2AP0, 2AP5,
2G1W, 2K95, 2K96,
2LC8, 2M58, 2M8K,
2RP0, 2RP1, 2TPK,
2XDB, 3IYQ, 3IYR, 3IZ4,
3U4M, 3U56, 3UMY,
437D, 4M4O, 4PQV,
4QG3, 4QVI, 5KMZ,
5NPM, 5TPY, 5U3G,
6AGB, 6AHR, 6D3P,
6DLQ, 6DLR, 6DLS,
6DLT, 6DNR, 6E1T, 6E1V,
6VUH, 7K16, 7U4A,
7UO5, 8HIO, 8SH5,
8T29, 8T2A, 8T2B, 8T2O)

1 (4M4O) 1 (4M4O) 8 (3U4M, 3U56, 3UMY,
4M4O, 4QG3, 4QVI,
4R8I, 5NPM)

7 (3U4M, 3U56, 3UMY,
4M4O, 4QG3, 4QVI,
5NPM)

1 (5U3G) 1 (5U3G) 13 (3U4M, 3U56, 3UMY,
4QG3, 4QVI, 5KMZ,
5NPM, 5U3G, 6DLQ,
6DLR, 6DLS, 6DLT,
6DNR)

13 (3U4M, 3U56, 3UMY,
4QG3, 4QVI, 5KMZ,
5NPM, 5U3G, 6DLQ,
6DLR, 6DLS, 6DLT,
6DNR)

0 1 (7K16) 0 0

918 908 0 0

0 0 0 0

Table 2.5: Biological RNA secondary structures (obtained from Protein
Data Bank) and RNA shapes in which a given pattern occurs at least once.
Differences are highlighted in bold.
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It is surprising that pattern appears so rarely in RNA structures
while pseudoknots are thought to have important biological functions. We
observe that occurrence of this pattern are “hidden” by the high frequency
of nested bonds (see Figure 2.17). To neutralize this effect, we pass to RNA
shapes.

Figure 2.17: Two examples of matchings with nesting bonds (occurrences
of ) but without occurrences of .

The concept of RNA shapes have been introduced by Giegerich, Voss,
and Rehmsmeier in 2004 [125]. In these shapes, no unpaired regions are
included and nested bonds are combined. For instance, the secondary
structure

..(((.((..(((....))).(((.....))))))))..

has the following RNA shape:

(()())

Originally, the RNA shapes have been defined in words with a single type
of parenthesis. They are counted by Motzkin numbers [86, 93, 125] and cor-
respond exactly to non-crossing matchings avoiding the endhered pattern

.
We adapted the Giegerich-Voss-Rehmsmeier reduction to matchings

with crossings represented by words with different types of parentheses.
The result of this adaptation is what Rødland called collapsed structures [218].
This is done by keeping only (i, j) pairs in matching such that (i + 1, j − 1)
does not belong to the matching and then reindexing the pairs. The number
of patterns in resulting reduced matchings (RNA shapes) is obviously
0. Interestingly, the number of RNA shapes with at least one occurrence
of pattern increases up to 59 (60 with FR3D-python). Among those,
8 (7 with FR3D-python) RNA structures have pattern and 13 have
pattern . Other size 3 patterns ( , , , )
are not detected in RNA shapes. It is expected for patterns , ,
and , as they contain the pattern forbidden in RNA shapes.

We have considered only endhered patterns of size 2 and 3. But our
approach can also be applied to longer patterns in native (real-world) data,
as the function count_pattern in count_visualisation.py from our git
repository can be applied to any endhered pattern.
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Figure 2.18: https://rna.kirgizov.link - An interactive web application
devoted to endhered patterns in real-world RNA structures (with pseudo-
knots) derived from Protein Data Bank.

With Daniel Pinson [63] we have developed an interactive web ap-
plication10 dedicated to illustrate some features of the endhered pattern
distributions in real-world RNA data that comes from Protein Data Bank.
See Figure 2.18. This application allows us to explore distributions of longer
endhered patterns, as well as other patterns corresponding to consecutive
subwords in the extended dot-bracket notation.

2.5 Discussions and perspectives
Together with my colleagues [62], we have examined distributions of end-
hered patterns in matchings from theoretico-combinatorial and data-driven
points of view. In matchings, patterns and have the same distri-
bution. Six endhered patterns of size 3 are divided into 2 equidistributed
groups: , and , , , . Moreover,
the joint distribution of patterns of the same size is symmetric if the pat-
terns are equivalent under the twist operation. We have also provided
corresponding asymptotic behavior of these distributions for patterns of
size 3 and 2. We are currently working on asymptotics in the general case,

10Available at https://rna.kirgizov.link.
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adapting Borinsky’s approach [69].
We have deliberately abstracted from the nucleic acid sequences, and

modelled the secondary structures directly by matchings. Our results show
that there is a big difference between observed and modelled pattern distri-
butions. This means that non-restricted matchings are too permissive and
new models should be developed to get closer to the observed pattern dis-
tributions. We wonder if it is possible to describe essential features of RNA
secondary structures with pseudoknots, using pattern-based restrictions.
The classical Waterman’s definition of RNA structures and its generaliza-
tions (see Section 2.1) can be regarded as an example of pattern-based
restriction used, among other things, to control the prediction algorithms
for secondary structures from nucleic acid sequences. More insights into
patterns frequencies in the native secondary RNA structures may guide
us towards mixture of two definitions, complex enough to cover different
pseudoknot-like structures presented in real data, but at the same time quite
simple and neat to prevent the uncontrolled combinatorial explosion.

The non-existence of certain short sequences in genomic and protein
sequences is a well-known fact [138, 143, 168, 204]. Applications include
cancer research [1, 195] and forensic science [128]. Less is known about the
forbidden secondary structures, although some interesting works about
theoretical (im)possibility of inverse RNA folding have been published
recently [247, 249]. One of the following research directions would be to
determine what influence the distribution of endhered patterns in the native
RNA. Some configurations are probably forbidden due to physicochemi-
cal constraints on the bending of RNA (something like Waterman-Ponty
restrictions, but for the case that include pseudoknots), others may not be
present because of biological reasons.

Are there some evolutionary mechanisms that divert the distribution of patterns
from the theoretically observed in the equi-probabilistic model of matchings? How
pattern distributions in secondary structures are related to RNA dynamics and
function?

For any new combinatorial characterization of RNA structures, we need
to develop a method for estimating their affinity with structures observed
in native molecules. Perhaps one of such methods can be pattern-based:
compare the distribution of patterns in native RNA with theoretically cal-
culated distributions over matchings avoiding certain patterns. A possible
way to extend Daniel Pinson’s web application [63] might be the integration
of such a method. Our exploratory study suggest, for instance, that the
patterns and never appear in RNA.

Moreover, PDB references presented in Table 2.5 look impressive, espe-
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cially the minE aptamer involved in a complex with a lysozyme, 4M4O; the
Dickeya dadantii ykkC riboswitch, 5U3G; and Tamana Bat Virus xrRNA1,
7K16. It would be interesting to work together with biologists studying
these structures.
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Chapter 3

Patterns in other structures

霰まじる帷子雪は小紋かな

—松尾芭蕉

arare majiru
katabira-yuki wa
komon kana

— Matsuo Bashō

the hail on snow
and the patterned cloth
would you remind me...
to adore them both?

Free translation
by Kerzol and Sharkman

S
tructures that contain patterns of a given form are often beautiful.
We can also observe amazing things if we forbid some patterns
from arising while allowing all possible other patterns to appear.
Completely unconstrained structures are fascinating in their own

way, they allow us to understand what a random object looks like, what a
white noise might look like.

One would say that by forbidding certain patterns or allowing only
patterns from a specific set we create new structures, and that absolute
randomness does not exist because it always depends on the space of possi-
bilities, which in turn is determined by the description of structures. This
line of thought raises questions about what kinds of structures can be char-
acterized by patterns and what kinds cannot. For instance, words that do
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not contain factors from a given set are enumerated by rational generating
functions and can be described by a regular grammar. However, there
are regular grammars that are not described by a set of forbidden factors.
Think for example of a grammar for binary words that contain only an
even number of 1s. To describe such words, we should adapt another, more
global, notion of patterns.

Transcending the science boundaries, we enter the world of art. Liter-
ature, and art in general, are tenderly attached to patterns. Let’s look at
some examples of constrained writing, a literary technique very common
in poetry but also existing in prose:

• Haiku, a traditional Japanese poetry consisting of three phrases with
prescribed numbers of morae1 5/7/5, and respecting other, more
semantic, rules. Matsuo Bashō (XVII century) is known as the great-
est haiku master. Haiku in those days were called hokku. Nowa-
days, such short poems exist in many languages, very different from
Japanese. Poets no longer adhere strictly to original moraic patterns.
Anyway, in non-Japanese languages it is not possible to follow 5/7/5-
rule completely due to different rhythmic structures. However, the
very essence and spirit of haiku are preserved even now.

• Acrostic, a poem (or other text composition) in which the first letters
of each line (or each word) form a meaningful word or phrase. It
is believed that acrostic was invented by Epicharmus Comicus of
Syracuse (V century BC). Encrypting his name with the first letters,
he signed the poems. Acrostics are common in Middle Ages and
Renaissance, they can be found in modern times. The reader has
probably seen such texts himself.

• Lipogram, a text that completely avoids some letters. The 300-page
novel “La Disparition” by Georges Perec (XX century) contains no
letter e, the most frequent letter in French. Perec also wrote “Les
Revenentes” where every vowel is e. Ancient Greek poet Lasus of
Hermione (VI century BC) did not like σ, so he wrote some poems
avoiding it. Pindar and others followed his steps. The name of this
poetic phenomenon is asigmatism in contrast to sigmatism, the some-
times excessive use of the letter σ in ancient Greek poetry, the letter
which is already one of the most popular consonants in Greek. See
works of Clayman [90], Scott [221] and Porter [206] for more details
about the (a)sigmatism.

1Mora (plural morae) is an elementary word particle equal to a syllable or part of it in
languages with long vowel and consonant sounds.
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Occasionally writers and artists, who use certain pattern-based tech-
niques, get together in groups. For example, in 1960 Raymond Queneau
and François Le Lionnais founded Oulipo, a now famous group of writers
and mathematicians. Oulipo members use constrained writing techniques
to explore the potential of language. This movement became quite popular
and other groups of artists chose similar names: Oupeinpo (visual arts),
Oubapo (comics), Ouphopo (photography) and Outrapo (theatre).

In this Chapter, I would like to tell you a couple of stories about structures
discovered while playing a forbid & allow game with patterns, understand-
ing this word in a quite broad sense.

3.1 Constrained lattice paths
The first story of this Chapter will be about an unexpected yet fruitful
discovery of a quaint restriction of classic Dyck paths, i.e. lattice paths that
never go below the x-axis, start at (0, 0), end at (2n, 0), and consist of up
steps U = (1, 1) and down steps D = (1,−1).

One day, I was invited to present our joint work, with Vincent Vajnovszki
and Jean-Luc Baril, about patterns in treeshelves [38] in Séminaire Algorith-
mique of GREYC team in Caen. On the evening of February 28, 2017, after
the seminar, on the train back from Caen to Dijon via Paris, I was thinking
about how to encode graphs (modulo isomorphism) of certain structure
by Dyck paths. Halfway to that goal, and halfway to Dijon, I found a very
interesting subclass of Dyck paths counted by Motzkin’s numbers!

Definition 18. Denote by Dh,⩾ the subclass of Dyck paths constrained by height.
Any Dyck path from this subclass is either empty or can be represented
as UαDβ where α and β are two dyck paths from Dh,⩾, while respecting
h(UαD) ⩾ h(β), where h is a height of the path, i.e. the maximal ordinate
reached by the path.

Figure 3.1 illustrates this height-based restriction. Note that it can be
generalized by allowing a different operation instead of ⩾ and a different
kind of statistic instead of height.

This idea and subsequent discussions with Jean-Luc Baril and Armen
Petrossian gave rise to our article entitled “Dyck paths with a first return
decomposition constrained by height” that was published in 2018 in the
journal Discrete Mathematics [35]. In 2019, we have extended our results
to Motzkin paths [36]. In 2020, together with Richard Genestier, we pro-
vided [28] generating functions for the popularity and the distribution of
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α
β h(β)

h(α) + 1

Figure 3.1: A Dyck path with a first return decomposition constrained by
height h(α) + 1 ⩾ h(β)

patterns of length at most three the set of such Dyck paths. We considered
other variants of this restriction, in [31] the height is redefined with respect
to a given pattern, and a general result is proved with applications to Dyck,
Motzkin, skew Dyck, and skew Motzkin paths. Rigoberto Flórez, Leandro
Junes and José L. Ramı́rez conducted a study of non-decreasing version of
our paths in [111]. The original discovery was one of the main inspiration
for my ANR JCJC project “Patterns in Combinatorics – PiCs”2.

A little later, in 2023, together with Jean-Luc Baril, Vincent Vajnovszki
and our PhD student Rémi Maréchal, we explored grand Dyck paths with
air pockets [41] from various angles, including the above-mentioned height-
dependent constraint. Rémi brilliantly defended his thesis in October
2024 [190].

In the following pages of this Section, I will recall the original problem
related to graph community structures, restate one of the main bijective
results, and talk about further possible directions in this area.

3.1.1 Mist of lattice paths and graph communities
Maximilien Danisch, a close friend of mine, who has sadly left this world
several years ago, was working on his PhD thesis at the same time as me
in Complex Networks3 team of LiP64. His thesis and the subsequent work
were about community structures in graphs. Jean-Loup Guillaume and
Bénédicte Le Grand were his PhD supervisors.

Community detection consists in finding groups of vertices more con-
nected to each other than to vertices of other groups. There is a tremendous
number of community detection methods: very popular Louvain [65]; clas-

2See https://anr.fr/Projet-ANR-22-CE48-0002
3See https://www.complexnetworks.fr/
4At the time of my thesis LiP6 was the laboratory of CNRS and Pierre and Marie Curie

University (Paris VI). A bit later, Paris-Sorbonne University (Paris IV) and Paris VI merged
to form Sorbonne University.
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sical Girvan–Newman [127]; as well as a relatively new approach of Baudin,
Danisch, Kirgizov, Magnien and Ghanem [46] involving a clique percolation
method based on an efficient algorithm of k-clique listing (see a work [91]
by Danisch, Balalau and Sozio). Fortunato [112], together with Hric [113],
provided excellent surveys in this broad area.

There exist really a lot of different definitions and algorithms of commu-
nity detection. One day I decided to add a coin to that pile. The idea was
to somehow link Dyck paths and community structures. We know how
Dyck paths are constructed. Any Dyck path is either empty, denoted by ε,
or constructed from two Dyck paths α and β as UαDβ (see Figure 3.2a).

We consider simple graphs, there are no multiple edges and no self-
loops. A clique in a graph is a subset of vertices where all possible edges
are present. Locally, cliques are the most connected subgraphs. The least
connected parts of a graph have zero edges between them.

α
β

(a)

α
β

(b)

Figure 3.2: (a) Dyck paths of small size and their general construction.
(b) Same, with associated graphs.

We construct Dyck paths by two operations: the elevation UαD and the
concatenation αβ where α and β are two smaller Dyck paths. Imagine, we
have two graphs A and B, corresponding to paths α and β. It would be
quite natural to think that the elevation of α corresponds to adding a vertex
connected to all vertices of the graph A and the concatenation of α and β
represents the union of two graphs with no new edges added. In this way,
a path UnDn (power means repetition) corresponds to a complete graph Kn
with n vertices and as many edges as possible, n(n − 1)/2. The path (UD)n

is just a set of n vertices without any edges. So it is possible to construct
very connected graphs (“best communities”), their opposites and also some
intermediate structures. Figure 3.2b shows some examples.

French TGV high-speed train attain 320 km/h. My thoughts aren’t that
quick, but even so, I realised that this construction has a few downsides.
Not all graphs can be generated in this way, the graph cannot. The savvy
reader may notice that admissible graphs look a little woodsy, they can
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be bijectively mapped to trees. Furthermore, certain graphs are generated
several times in different ways, see Figure 3.3.

Having accepted that not all graphs can be constructed, I tried to solve
the non-uniqueness problem by allowing only Dyck paths from the set Dh,⩾

(see Definition 18 and Figure 3.1). Any path of this set is either empty or
have the first return decomposition UαDβ that respects h(UαD) ⩾ h(β)
where α, β ∈ Dh,⩾. With this restriction we keep the path 3.3a, while its
reflection 3.3b is not allowed. But the paths 3.3c and 3.3d are still allowed
and correspond to the same graph.

(a) (b)

(c) (d)

Figure 3.3: Generative non-uniqueness of some graphs.

3.1.2 Serpentine road between Dyck and Motzkin
The journey has not brought me any good definition of community struc-
tures in graphs. But when I tried to count what paths I got... a sequence
starting just like the Motzkin5 numbers: 1, 1, 2, 4, 9, 21. These numbers
enumerate Motzkin paths, i.e. lattice paths from (0, 0) to (n, 0) that never go
below the x-axis and consist of up steps U = (1, 1), flat steps F = (1, 0),
and down steps D = (1,−1).

Did I just found a new, previously undiscovered link between two
classical lattice paths? I didn’t even believe it right away. Next morning I
rechecked the data using a computer and small values of n and showed
the findings to my colleagues. Together we realised how to prove, present
and extend these findings. In papers [31, 35, 36, 41, 111] the reader can
find more results about related combinatorial objects, generating functions,
recursively defined polynomials, continued fraction, transport of statistics,
etc.

5Named after Theodore Samuel Motzkin. Many facts and conjectures about Motzkin
numbers are gathered on entry number A1006 in Sloane’s Encyclopedia.
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Here I will only show the beautiful bijection φ, found with my co-authors
Jean-Luc Baril and Armen Petrossian. For P ∈ Dh,⩾, we set

φ(P) =


ε if P = ε (empty),
φ(α)F if P = αUD,

φ(α)φ(γ)Uφ(β)D if P = αUUβDγD.

(3.1)

Denote by Dh,⩾
n the set of Dyck paths of length 2n from the set Dh,⩾, and

let Mn stand for the set of n-length Motzkin paths. Recall that h(α) is the
maximal ordinate reached by the path α.

Theorem 19 (see Theorem 5 in [35]). The map φ defined above is a bijection
between Dh,⩾

n and Mn. Moreover, for any P ∈ Dh,⩾
n we have h(φ(P)) =

⌊
h(P)

2

⌋
.

Figures 3.4 and 3.5 illustrate how φ works.

α
−→

φ(α)

α
β γ

−→
φ(α) φ(γ) φ(β)

Figure 3.4: General form of the bijection between Dh,⩾
n and Mn.

Figure 3.5: Examples of the bijection φ : Dh,⩾
n → Mn.
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3.1.3 Wonderland bijections and further directions
A Dyck path with air pockets, introduced in [32], is a nonempty lattice path
in the first quadrant of Z2 starting at the origin, ending on the x-axis,
and consisting of up-steps U = (1, 1) and down-steps Dk = (1,−k), k ⩾
1, where two down steps cannot be consecutive. In [41, Section 8] we
proved that the set of Dyck path with air pockets recursively restricted as
in Definition 18 is equienumerated with the set of Motzkin paths avoiding
consecutive patterns UF, FU and FF. Can we find a constructive bijection
in this case?

Wonderland bijections are one-to-one correspondences that transform
mirror-closed sets to sets lacking this mirror symmetry. In next Section,
among other things, I will present another example of wonderland bijection
for certain sets of pattern-constrained binary words. This bijection breaks
the mirror symmetry and transforms a certain regular language into a
non-regular one. Quite interesting, isn’t it? It would be nice to find more
examples of such correspondences.

3.2 Following the steps of Leonardo Pisano
1 2 3 5 8 13 21 ...

The Fibonacci sequence origins have been traced back to the works
of ancient Indian mathematician Ācārya Piṅgala dealing with rhythmic
structure patterns in Sanskrit poetry [166, p. 487], [223]. In Sanskrit and
several other languages, we distinguish short and long syllables. A short
syllable ⌣ is counted as one mora, and a long syllable⌣ is counted as
two morae. How many different poetic metres with n morae do we have?
Fibonacci sequence gives the answer, see Figure 3.6. Appending a short or
a long syllable, we feel the formula an = an−1 + an−2.

Figure 3.6: Sanskrit poetic metres with 1, 2, 3, 4 and 5 morae.
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Tribonacci: 1 2 4 7 13 24 ...
Tetranacci: 1 2 4 8 15 29 ...
Pentanacci: 1 2 4 8 16 31 ...

Multi-step generalization of Fibonacci numbers can be traced back to
the works of Miles [193] and 14-year-old Feinberg [108]. A lot of differ-
ent studies about these numbers appear after, including the works of Flo-
res [110], Miller [194], Dubeau [99] and Wolfram [245]. A bunch of com-
binatorial objects are enumerated by these numbers. For instance, the
Knuth’s exercise [165, p. 286] shows that the set of length n binary words
avoiding k consecutive 1s is enumerated by k-bonacci numbers respecting
an = an−1 + an−2 + · · ·+ an−k, with initial conditions a0 = 1, a−1 = 1, and
aj = 0 for any j < −1.

In previous Section we constructed the set Dh,⩾ of Dyck paths con-
strained by height. Every path of this set is either empty or have the first
return decomposition UαDβ respecting h(UαD) ⩾ h(β) with α, β ∈ Dh,⩾.
Once upon a time, I wanted to prolong this definition or a similar restriction
to other objects. I have tried various. The essential part of the construction
is to compare values of some statistic (the height in case of Dyck paths)
computed on two parts of the combinatorial object, and do the same for all
substantial pairs of parts that constitute (recursively in case of Dyck paths)
the object. Let’s see how we can adapt such statistic comparison to words.

Any binary word can be viewed as a sequence of length-maximal oc-
currences of factors of the form 0a1b = 000 · · · · · · 00︸ ︷︷ ︸

a

111 · · · 11︸ ︷︷ ︸
b

. The length-

maximality of such occurrences should be taken in the local sense: they
are not preceded by a 0 or followed by a 1. As it turns out the following
definition yields amazing results.

Definition 20. Abinary word is called q-decreasing if each its length-maximal
occurrences of a factor of the form 0a1b, a > 0, satisfies q · a > b.
Let Wq,n be the set of such words of length n and Wq =

⋃
n∈N Wq,n.

Examples
11100101011 is not 2-decreasing (2 · 2 > 1, 2 · 1 > 1, 2 · 1 ≯ 2)
01111 is not π-decreasing (π · 1 ≯ 4)
001111 is π-decreasing (π · 2 > 4)

1101001 is φ-decreasing (φ · 1 > 1, φ · 2 > 1, where φ = (1 +
√

5)/2)
110001100011111000 is not φ-decreasing (φ · 3 > 2, φ · 3 ≯ 5, φ · 3 > 0)
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3.2.1 Gray code and Eğecioğlu-Iršič conjecture

In 2020, together with Jean-Luc Baril and Vincent Vajnovszki, we have been
working on Wq,n where q ∈ N+. We showed constructively [40] that these
words are in bijection with binary words having no occurrences of 1q+1, and
thus they are enumerated by the (q+ 1)-generalized Fibonacci numbers. We
gave some enumerative results and reveal similarities between q-decreasing
words and binary words having no occurrences of 1q+1 in terms of the
frequency of 1-bits (see also [39]).

The Hamming distance between two binary words of the same length
equals the number of positions at which they differ. A k-Gray code is an
ordered list of words, such that the Hamming distance between any two
consecutive words is at most k. George Robert Stibitz’s and Frank Gray’s
patents [131, 229] discuss examples and applications of such a code for the
set of n-length binary words. Three quarters of a century before Gray and
Stibitz, Agathon-Louis Gros [134] considered the same code for Chinese
rings puzzle solution. I recommend reading Jean-Paul Delahaye who writes
beautifully about this subject [92]. Also, Émile Baudot [47] used a related
code for letters in telegraphy.

In the same paper [40] we showed that q-decreasing words can be ef-
ficiently generated in lexicographic order and explain how the obtained
generating algorithm can be turned into a 3-Gray code generating algo-
rithm. Then, we gave a more intricate construction of a 1-Gray code for the
particular case q = 1 (see Theorem 4 from [40]).

The day we finished this article and were ready to put it on the arXiv,
I saw the Eğecioğlu-Iršič [106] fascinating work6. They introduced run-
constrained binary strings. These are binary words, in which every run of 1s
is immediately followed by a strictly longer run of 0s. The run-constrained
binary strings are precisely the reverse of 1-decreasing words beginning
with 0. Using these strings of length n + 2 as vertices, and connecting two
vertices if they differ at only one position, the Eğecioğlu and Iršič form
the Fibonacci-run graph Rn as the induced subgraph of the hypercube. As
every non-empty run-constrained string must end with 00, authors of [106]
actually drop these 2 zeros, but in W1,n we do not. Figure 3.7 gives small
examples.

In this light, our 1-Gray code Zn from [40, Theorem 3] gives a Hamilto-
nian path in the Fibonacci-run graph. It settles Eğecioğlu-Iršič conjecture.

6It is interesting to note that first version of Eğecioğlu-Iršič paper [106] appeared on
arXiv only a week before our work [40].
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000 100 1000 0000 0100 00100 00000 01000

10000 11000

100100 100000 110000

000100 000000
010000

001000 011000

0011000 0010000 0110000

1110000

0001000
0000000 0100000

1001000 1000000 1100000

0000100
0100100

1000100

Figure 3.7: Fibonacci-run graphs for small values of n. Vertices correspond
to the reverse of words from W1

n beginning with 0. The Hamiltonian path
is provided by Corollary 7 from [40].

Conjecture 21 (Asked by Eğecioğlu and Iršič, solved). For any n ⩾ 1, the
Fibonacci-run graph Rn has a Hamiltonian path.

Lemma 9.1 from [106] says that if n ̸= 1 (mod 3), then Rn does not
contain a Hamiltonian cycle. Our method gives a Hamiltonian path, which
is not a cycle. The question of whether there is a Hamiltonian cycle for the
case n = 1 (mod 3) remains open.

The validity of the parity condition (see Corollary 1 from [40]) and
experimental investigations for small values, 0 ⩽ n ⩽ 5 and 2 ⩽ q ⩽ 5,
suggest the following.

Conjecture 22. For any n, q ∈ N+, there is a 1-Gray code for Wq,n.

The 3-Gray code exposed in [40] satisfies van Baronaigien and Ruskey’s
constant amortized time (CAT) principle [216]. Recently, Wong, Liu, Lam
and Im [246] found a 2-Gray code (where consecutive words differs in at
most 2 positions) for Wq,n for any real positive q. An extension of their
approach yields cyclic 2-Gray codes for Lucas and Fibonacci words [175],
the proposed algorithm works in constant amortized time per string and
use O(n3) space. Note that for some values of n and q /∈ N+ no 1-Gray
code can exist. For example when q = 2/3 we have 12 words, 7 with odd
number of 1s: 00001, 00100, 00010, 10000, 11001, 11100, 11111; and 5 with
even number of 1s 00000, 10010, 10001, 11000, 11110. It is easy to check that
there is no 1-Gray in this case (see also [154]).
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3.2.2 Bijection breaking the language regularity
Considering the case of natural q, let’s have a closer look at the bijection
between the set of binary words avoiding q + 1 consecutive 1s and the set
of q-decreasing words. Both sets are enumerated by the (q + 1)-generalized
Fibonacci numbers. We will see that this bijection transforms a mirror-
closed set into a set lacking this symmetry and converts a regular language
into a non-regular! We provide the definitions below.

Let Bn denote the set of all binary words of length n, and denote by
Bn(1q+1) those that avoid q + 1 consecutive ones, i.e. have no 1q+1 factors.

Definition 23. For any q ⩾ 1, we define the map ψq

ψq(w) =

{
v001q1k if w = v01k, v ∈ B, k ⩾ 0,
1n+q+1 otherwise.

Less formally, ψq inserts a factor 01q immediately after the last occur-
rence of 0, and it adds the suffix 1q+1 to the word containing no 0. For
example ψ1(0) = 001, ψ1(00011) = 0000111, ψ2(0011101) = 0011100111
and ψ5(1) = 1111111. The value of q will be clear from the context, so by a
slight abuse of notation ψq will be denoted ψ and the same convention is
applied for the map φ defined below.

Definition 24. We define the map φ as

φ(w) =


1k if w = 1k and k ∈ [0, q],
ψ
(

φ(v)
)

if w = 1q0v,
φ(v)01k if w = 1k0v and k ∈ [0, q − 1].

Table 3.1 gives some examples in case of q = 1. The following result is
proved in [40, see Theorem 1].

Theorem 25. For n ⩾ 0, q ⩾ 1, φ maps bijectively Bn(1q+1) into W q
n.

Can we provide a nice graphical description of φ?

The bijection φ does not preserve Graycodeness, i.e. a Gray code for
Bn(1q+1) is not necessarily mapped by φ to a Gray code for q-decreasing
words, see Table 3.2.
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Words avoiding 11, Bn(11)

0
1

00
01
10

000
100
001
010
101

0000
1000
0100
0001
1001
0010
0101
1010

1-decreasing words, W1,n

0
1

00
10
11

000
001
100
110
111

0000
0001
0010
1000
1001
1100
1110
1111

Table 3.1: Examples of φ for short words. Order is preserved, i.e. φ(10) = 11.

u ∈ B4(111) φ(u) ∈ W2,4

1100 0011
1101 1111
1001 1001
1000 0001
1010 0101
1011 1101
0011 1100
0010 0100
0000 0000
0001 1000
0101 1010
0100 0010
0110 1110

Table 3.2: The images of words in B4 (111) under the bijection φ. Words in
B4 (111) are listed in a BRGC-like order, called local reflected order in [233].
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A formal grammar is a system to describe a set of words respecting a
certain syntax. To specify the grammar, we need the following ingredients:

• an alphabet, a finite set Σ of terminal symbols;
• a finite set N of nonterminal symbols;
• a finite set P of production rules, i.e. rewriting rules of the form x → y,

where x and y are finite sequences of terminal or nonterminal symbols,
and x is not empty, x ̸= ε;

• a start symbol S, it is a special nonterminal symbol.

In right-regular grammars each production rule x → y have the following
restrictions:

• the left-hand side, x, is a nonterminal symbol;
• there is at most one nonterminal symbol on the right-hand side. If

there is one, it always appears at the end of y.

For instance, the following grammar describes the set of binary words
avoiding 111.

S → ε B → ε C → ε

S → 0S B → 0S C → 0S

S → 1B B → 1C

A language described by a right-regular grammar is called regular. Finite
automatons can also be used to describe regular languages. Figure 3.8
shows an automaton that accepts only the words avoiding 111. For more
information about regular languages, expressions and finite automatons see
classic works by Chomsky and Schützenberger [87]; Allouche and Shallit [2];
Hopcroft, Motwani and Ullman [146].

Sstart B C

0

1 1

0

0

Figure 3.8: A finite automaton accepting binary words that avoid 111.

It is known that words avoiding a finite set of finite consecutive patterns
(factors) always can be described by a regular language. We also know that

60



words of length n from any regular language are enumerated by a rational
generating function. The beautiful relationship between rational generating
functions and regular languages is not, however, trivial. There are a lot of
interesting questions and passages here. For instance, Barcucci, Del Lungo,
Frosini, and Rinaldi [24] show how to construct a regular language for a
given rational generating function.

One day, I sent an article about q-decreasing words (see Definition 20
on page 55) to the journal Comptes Rendus Mathématique. It was not ac-
cepted. But I’m grateful to the anonymous reviewer, he (or she) made a
very important observation.
Theorem 26. The language of q-decreasing words is not regular.
Proof by an anonymous reviewer from Comptes Rendus Mathématique.

Suppose the opposite, let our language be recognized by a finite
automaton of n states. Consider a q-decreasing word u = 0a1b,
where b > n (and qa > b since the word is q-decreasing). Among
the n + 1 last symbols of u (all of them are 1s), at least two cor-
respond to the same state A of the automaton. If the difference
between their positions is k, it means that we get to A after every
k digits 1 starting from the first of them. So, for every i, the word
u1ki = 0a1b+ki is also accepted by the automaton, even when
b + ki > qa. A contradiction.

The set of binary words avoiding q + 1 consecutive 1s form a regular
language. But the equienumerated set of q-decreasing words is not! We
obtain the following result:
Theorem 27. Bijection φ transforms a regular language into a non-regular one.

3.2.3 Q-bonacci
It took me almost one year to understand how we can deal with q-decreasing
words when q ∈ Q+. In 2022, I presented this work on the Twentieth Interna-
tional Conference on Fibonacci Numbers and Their Applications [155], the
accompanying paper is published in the Fibonacci Quarterly journal [154].
This construction uses model polynomials associated with positive rational
numbers.
Definition 28. A polynomial

Pq= c
d
(y, z) =

c−1

∑
i=0

z1+
⌊

i
q

⌋
yi
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is called a model polynomial of a positive rational number q represented by
the irreducible fraction q = c

d .

For instance, P2
3
(y, z) = z + z2y, P3

2
(y, z) = z + zy + z2y2, and P1/k(x) =

z for any k ∈ N+. Figure 3.9 presents a graphical interpretation of model
polynomials.

z z2yPq= 3
4
(y, z) = + + z3y2

Starting line Starting line Starting line

z z2yPq= 3
5
(y, z) = + + z4y2

Starting line Starting line Starting line

z

z z z
z

z
z

z zz
zz

z

Figure 3.9: A graphical representation of model polynomial Pq= 3
4
= z +

z2y + z3y2. For j > 0, a term ziyj in a model polynomial means that one
must make i arc-steps of the angle 2qπ in order to cross the starting line j
times.

In this paper I proved two following theorems.

Theorem 29. Let q ∈ Q+ be represented by the irreducible fraction q = c
d . The

generating function Wq(y, z) = ∑∞
r=0 ∑∞

i=0 wr,izryi, where wr,i is the number of
words from Wq of length r + i containing exactly r zeros and i ones, is

Wq(y, z) =
1 − zdyc

(1 − y)
(
1 − zdyc − Pq(y, z)

) .
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Theorem 30. Let a positive rational number q be represented by the irreducible
fraction c

d . The number of n-length binary words from Wq,n, denoted by wn, can
be expressed as

wn = ∑
j∈J

wn−j + wn−(c+d), (3.2)

where J is the set of powers from the model polynomial Pq= c
d
(x, x). For example,

when q = 3
2 , we have P3

2
(x, x) = x + x2 + x4, and J = {1, 2, 4}.

Initial conditions w0, w1, · · · , wc+d−1 are obtained by setting wn = 0 for
n < 0, unrolling Equation (3.2) from left to right, while adding an extra 1 for
every wi for 0 ⩽ i < c + d.

The total number of 0s (in other words, the popularity of 0s) in all words
from Wq=1,n is enumerated by a shift of the sequence A6478 in Sloane’s
On-line Encyclopedia of Integer Sequences [200]. The corresponding gener-
ating function is obtained by evaluating ∂W1(x,xz)

∂z |z=1. It is quite unexpected,
but the sequence A6478 enumerates also the edges in the Fibonacci hyper-
cube considered by Rispoli and Cosares [211]. A Fibonacci hypercube is a
polytope determined by the convex hull of the Fibonacci cube which in turn
is defined by Hsu in [148] as the graph whose vertices correspond to binary
words of size n avoiding two consecutive 1s and where two vertices are
connected if and only if the corresponding words differ at only one position.

Is it possible to give some kind of nice bijective construction between
the edges of Fibonacci Hypercube and the 0s in words from Wq=1,n?
What can be said about the popularity of 0s in Wq,n with q > 1?

The generalized golden ratio is defined as φk = limn→∞ an+1/an, where
an+1 and an are two adjacent k-bonacci numbers. The golden ratio is φ2 =

(1 +
√

5)/2, and φ3 = (1 +
3
√

19 + 3
√

33 +
3
√

19 − 3
√

33)/3 is known as
the Tribonacci constant. The Tetranacci constant φ4 have quite a large
expression in radicals. In general, φk is expressed as the largest root of
the polynomial xk − xk−1 − · · · − x − 1. See Wolfram’s paper [245] for full
details. In the same paper, Wolfram conjectured that there is no expression
in radicals for k ⩾ 5. By computing the Galois group, with the help of
the computer algebra system Magma [70], he confirmed the conjecture for
5 ⩽ k ⩽ 11. Martin [191] proved the case of even or prime k. Furthermore,
Cipu and Luca [89] demonstrated the impossibility of the construction of
φk by ruler and compass for k ⩾ 3. As far as I can tell, the question whether
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there is an expression in radicals remains open for odd non-prime k > 11.
Dubeau [99] proved that φk approaches 2 when k → ∞.

For natural q we have φq+1 = limn→∞ |Wq,n+1|/|Wq,n|. Non-natural q,
in some way, allows us to see what happens with the generalized golden
ratio, when its parameter becomes non-natural. As the generating functions
are rational in case q ∈ Q+, classical analytic combinatorics method can be
used to find the limit. It equals to 1/β, where β the smallest by modulus root
of the denominator of the corresponding generating function Wq= c

d
(x) =

1−xc+d

(1−x)
(

1−xc+d−Pq(x,x)
) (see Theorem 29). Figure 3.10 presents some numerical

estimations for the function q 7→ limn→∞ |Wq,n+1|/|Wq,n|, where q takes
rational values from [0, 2.02] with step 1/50.

I would like to ask a question, related to Wolfram conjecture:

For which rational values of q there is an expression in radicals for
φq+1 = limn→∞ |Wq,n+1|/|Wq,n|?

Remark, that the set Wq,n is well-defined even if we extend the domain of
the parameter q to all positive real numbers. In the article [154], I proposed
two conjectures in this realm. Both were solved in our work with Sergey
Dovgal [97], and presented at the Permutation Pattern conference [96] in
Dijon.

Conjecture 31 (solved in [97]). For any given r ∈ R+, limn→∞ |Wr,n+1|/|Wr,n|
exists.

Conjecture 32 (solved in [97]). The function r 7→ limn→∞ |Wr,n+1|/|Wr,n| is
strictly increasing over the interval [0,+∞) and discontinuous at every positive
rational r.

The next Subsection is devoted, in part, to this peculiar function.
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Golden golden ratio?

Golden ratio

Tribonacci constant

Figure 3.10: Numerical estimation of limn→∞ |Wq,n+1|/|Wq,n| for several
values of q ∈ [0, 2.02], using a step 0.02.
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3.2.4 Sturm, Minkowski and the R-bonacci fractal
This Subsection is based on a recent paper [97], co-authored with Sergey
Dovgal, where we extend the family of q-decreasing words, to cover all
positive real numbers as possible values of the parameter q. Here, I will omit
proofs, focusing on constructions and statements of results. Our results
were presented at the Permutation Patterns 2023 [96] conference.

Ray cutting and Sturmian words

For any real q > 0, the ray cutting word s(q) is defined as an intersection
sequence of a straight half-line y = qx for x ∈ (0, ∞) with the lines of a
square grid (y = i or x = i for i ∈ N+). Going along the half-line, starting
from (0, 0), we write 1 if the line intersects a horizontal edge and 0 in case
of a vertical edge (see Figure 3.11), we write 01 (in this order) when crossing
an intersection point of grid lines.

For any irrational slope q, the word s(q) is aperiodic and Sturmian. In
the general setting, Sturmian words are defined as cutting sequences of the
line y = ax + b for x ∈ (0, ∞), irrational a > 0 and real b ∈ [0, 1) or equiva-
lently as binary words having exactly n + 1 factors (contiguous subwords)
of length n. Sturmian words shine in several areas of mathematics: combi-
natorics, number theory, tilings, discrete dynamical systems. The structures
similar to Sturmian words were already studied by Johann III Bernoulli [59]
in 1771. Expositions of Sturmian words and related results can be found in
Chapter 2 (written by Berstel and Séébold) of Lothaire’s œuvre [179] and in
the book of Allouche and Shallit [2]. For a rational slope q, the word s(q)
is periodic, its shortest factor f such that s(q) = f · f · f . . ., where · means
concatenation, corresponds to the Christoffel word of slope q [60, 88].

1 2 3 4 5

1

2

3

4

5

6

7

8

s(
√
2) = 101011010110...

x

y

y =
√
2x

1 2 3 4 5

1

2

3

4

5

6

7

8

s
(
2
3

)
= 0100101001...

x

y

y = 2
3
x

Figure 3.11: Cutting sequences with slopes
√

2 and 2
3 .
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Two kinds of Fibonacci words

One paradigmatic example of Sturmian words is the Fibonacci word
010010100100101... which is characterized by a cutting sequence of the line
with a slope 1/φ, where φ = (1+

√
5)/

√
2. It can also be obtained either by

a recursive simultaneous application of substitution rules {0 7→ 01, 1 7→ 0}
to an initial string 0, or as a limit of recursive concatenations of strings
Sn = Sn−1Sn−2, where S0 = 0 and S1 = 01.

Now consider another Fibonacci object, (or, more generally, k-bonacci),
which is an ensemble of binary words of length n avoiding k consecutive
1s. The set of such words is in bijection with tilings of stripes of length
(n + 1)× 1 with tiles of size 1 × 1 (monomers), 2 × 1 (dimers), . . . , k × 1
(k-mers), so it is convenient to call them k-bonacci tilings. The cardinality of
the set of such words of length n is equal to nth k-bonacci number. See the
beginning of the Section 3.2) for historical and prosodic notes.

These two Fibonacci objects belong to two seemingly different worlds.
In [97] we proposed a link between these worlds. I recall here how certain
subsets of prefixes of ray cutting words can be used as building blocks to
construct generalized Fibonacci tilings.

Construction from ray cutting prefixes

We express q-decreasing words as sequences of ray cutting prefixes ending
on 1. It is handy to use the Kleene star operator (it corresponds to SEQ

operator in the Flajolet–Sedgewick book [109]), which constructs a disjoint
union of finite concatenations from strings of a given family. For instance,
({0, 10})∗ provides all binary strings which are empty or end on 0 and do
not contain two consecutive 1s. We also use the “·” symbol to denote all
possible pairwise concatenations between the elements of two families.

Theorem 33. For q ∈ R+, the set Wq of q-decreasing words can be represented as

Wq = ({1})∗ · (Sq)
∗, where Sq = ∪∞

i=0{01+⌊i/q⌋1i}.

For a binary word α containing n 0s and m 1s, we define a transformation
κ(α) = 0n+11m, so that the empty word ε is mapped to the word 0. We
provide a decomposition of q-decreasing words into partitions of certain
ray cutting prefixes by using the above transformation.

Theorem 34. For q ∈ R+, the transformation κ bijectively maps the set of prefixes
ending with 1 of the ray cutting word s(q) to the set Sq, which is used in the
construction of q-decreasing words.

67



Tables 3.3 and 3.4 provide examples.

q Ray cutting word Factors from Sq
Some q-decreasing

words

√
2 101011010110. . .

κ(ε) = 0,
κ(1) = 01,
κ(101) = 0011,
κ(10101) = 000111, ...

111100011000111,
000111101000001,
100000101000001

2
3 010010100101. . .

κ(ε) = 0,
κ(01) = 001,
κ(01001) = 000011,
κ(0100101) = 00000111, ...

111100001100001,
000011001000001,
001000000001111

Table 3.3: Illustration of the transformation κ. Prefixes ending with 1 of the
ray cutting word s(q) correspond to factors from the set Sq.

q Ray cutting word Counting Sequence |Wq,n| OEIS
1
2 0010010010010010... 1, 2, 3, 4, 6, 9, 13, 19, 28, 41, 60, 88, 129, 189, ... Narayana’s

cows, A930

1/φ
0100101001001010...

Fibonacci word 1, 2, 3, 5, 8, 12, 19, 30, 47, 74, 116, 182, 286, 448, ... NEW
2
3 0100101001010010... 1, 2, 3, 5, 8, 12, 19, 30, 47, 74, 116, 182, 286, 449, ... Comp. into

1s, 3s and
5s, A60961

1 0101010101010101... 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, ... Fibonacci,
A45

2 1011011011011011... 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, 504, 927, 1705, 3136, ... Tribonacci,
A73

3
2 1010110101101011... 1, 2, 4, 7, 13, 23, 42, 76, 138, 250, 453, 821, 1488, 2697, ... NEW√
2 1010110101101010... 1, 2, 4, 7, 13, 23, 42, 76, 138, 250, 453, 821, 1488, 2697, ... NEW

φ 1011010110110101... 1, 2, 4, 7, 13, 24, 44, 81, 148, 272, 499, 916, 1681, 3085, ... NEW
e 1101110111011011... 1, 2, 4, 8, 15, 29, 56, 108, 208, 401, 773, 1490, 2872, 5536, ... NEW
π 1110111011101110... 1, 2, 4, 8, 16, 31, 61, 120, 236, 463, 910, 1788, 3513, 6901, ... NEW

Table 3.4: Examples of ray cutting words and corresponding counting
sequences for the cardinalities of q-decreasing words.

Rational discontinuity

Here we study the function Φ(q) = limn→∞
|Wq,n+1|
|Wq,n| , whose graph is shown

on Figure 3.10. Using the previously mentioned SEQ operator, Theorem 33
yields the generating function Wq(x) = ∑∞

n=0 |Wq,n|xn of the family Sq for
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any q ∈ R+:

Wq(x) =
1

(1 − x)
(

1 − ∑∞
i=0 x1+i+

⌊
i
q

⌋) . (3.3)

The case where q is a positive rational number represented by an irreducible
fraction c

d is treated in [154] where the generating function Wq(x) is ex-
pressed as

Wq= c
d
(x) =

1 − xc+d

(1 − x)
(

1 − xc+d − ∑c−1
i=0 x1+i+

⌊
i
q

⌋) . (3.4)

In other words, Eq. (3.3) holds for any positive real q, and is more general,
although simpler, form of Eq. (3.4) which is only valid for q ∈ Q+ (see also
Theorem 29).

We have the following result about the asymptotic behavior of the coef-
ficient [xn]Wq(x).

Theorem 35. For any real q > 0, the number of q-decreasing words of length
n grows as Cq · Φ(q)n, where 1/Φ(q) is the unique smallest in modulus root of

1 − ∑∞
i=0 x1+i+

⌊
i
q

⌋
, and

Cq = − Φ(q)(
(1 − x)

(
1 − ∑∞

i=0 x1+i+
⌊

i
q

⌋))′ (
1/Φ(q)

) .

The proof, presented in details in [97], uses a classical asymptotic analy-
sis of meromorphic functions and a variant of Daffodil Lemma [109].

The equation 1 = ∑∞
i=0 x1+i+

⌊
i
q

⌋
shares the smallest in modulus root

with

Aq := 1 −
∞

∑
i=1

∞

∑
j=0

x1+i+
⌊

i
q

⌋
+j,

the fact that has a nice geometrical interpretation. To see it, we have to
decompose the set Wq in another way, different from what was given in
Theorem 33. Here we use a set Fq of factors 0a1b such that qa > b and b ⩾ 1.
With this, we decompose any word w ∈ Wq as a sequence of 1s, followed

69



by a sequence of factors from Fq, followed by a sequence of 0s. Any of
these sequences can be empty. We have

w =

some ones︷︸︸︷
1...1

fℓ∈Fq︷ ︸︸ ︷
f1 f2.... fk

some zeros︷︸︸︷
0...0 , where Fq =

⋃∞
i=1

⋃∞
j=0{

1+
⌊

i
q

⌋
+j zeros︷ ︸︸ ︷

0 . . . 00 1 . . . 11︸ ︷︷ ︸
i ones

}.

Now, we write the g.f. Wq(x) as

Wq(x) =
1

1 − x
· 1

Aq
· 1

1 − x
.

Consider the grid Z+ × Z+, and make every point (a, b) correspond to a
factor 0a1b. The power series Aq sums over all points with positive integer
coordinates found under the line b = qa. Figure 3.12 gives some examples.

1 2 3 4 5

1

2

3

4

5

6

7

8

a

b

factor 0001, term x4 in A2/3, and also in A2/3−δ

factor 000011, term x6 in A2/3, but not in A2/3−δ

b = 2
3a

b =
(
2
3 + δ

)
a

b =
(
2
3 − δ

)
a

factor 00011, term x5 in A2/3+δ, but not in A2/3

factor 0000001111, term x10 in A2/3+δ, but not in A2/3

factor 000001111, term x9 in A2/3+δ, but not in A2/3

Figure 3.12: The line b = 2
3 a and the geometrical interpretation of factors

0a1b where 2
3 a > b.

From Theorem 35 we see that the function Φ(q) the function Φ(q) is well-
defined as limn→∞

|Wq,n+1|
|Wq,n| . It behaves as follows.

Theorem 36. The function Φ(q) = limn→∞
|Wq,n+1|
|Wq,n| is

a) strictly increasing over q ∈ [0, ∞);
b) bounded, 1 ⩽ Φ(q) < 2, with Φ(0) = 1 and limq→∞ Φ(q) = 2;
c) left-continuous (and right-discontinuous) at every positive rational point;
d) continuous at every positive irrational point.
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The proof (see [97]) of Theorem 36 follows from the geometrical repre-
sentation of the polynomial Aq. We can also calculate the jump sizes.

Theorem 37. For any irreducible q = c
d ∈ Q+, limδ→0+ Φ(q + δ) equals the

reciprocal of the smallest in modulus root, denoted by ρ+q , of the polynomial

Π+
q := 1 − (2 − x)xc+d −

c−1

∑
i=0

x1+i+
⌊

i
q

⌋
.

We have
lim

δ→0+
Φ(q + δ)− Φ(q) =

1
ρ+q

− 1
ρq

,

where ρq is the smallest in modulus root of Πq := 1 − xc+d − ∑c−1
i=0 x1+i+

⌊
i
q

⌋
.

Stern–Brocot tree, Minkowski’s ?(x) and R-bonacci fractal

As we can see on Figure 3.10 and 3.14a the graph of the function Φ(q) shows
a certain amount of self-similarity. We first note that the fractal structure
of Φ(q) appears more regular in 3.14b as we apply Minkowski’s question-
mark function over the x-axis. Then, we harvest the Stern–Brocot tree. It
will give us fruits in the form of sequences of nested intervals to zoom into,
to get a better sense of self-similarity. See Figures 3.15, 3.16 and 3.17 for
an illustration of this récolte. Below we provide the basic definitions and
constructions needed to state the results, detailed proofs can be found in
our paper [97].

The Minkowski’s question mark function ?(x) is a somewhat unusual
trick, even its notation already hints at this. We must first discuss mediants,
sometimes called the freshman sum, and the construction of the Stern–Brocot
tree [72, 73, 228]. As Stern noted, it was actually his friend Eisenstein [103]
who discovered this construction. He did it, as it later turned out, indepen-
dently of Brocot. Mansuy wrote a beautiful article [189] about Brocot, who
was a French clockmaker and amateur mathematician.

For two irreducible fractions a/b and c/d their mediant is defined as (a +
c)/(b + d). The root of the Stern–Brocot tree is 1/1, which is the mediant of
two conventionally irreducible fractions 1/0 and 0/1. To determine the left
(resp. right) child of a node x/y of the level i we need to find the greatest
(resp. smallest) fraction x′/y′ < x/y (resp. x′/y′ > x/y) that appears in
set of values of first i levels together with 1/0 and 0/1, and compute the
mediant (x + x′)/(y + y′). For instance, the left child of 2/3 is 3/5, it is
calculated as the mediant of 1/2 and 2/3. Figure 3.13 illustrates this process.
Stern–Brocot tree contains all rationals once.
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Figure 3.13: The Stern–Brocot tree and Minkowski’s ?(x).

Minkowski’s question-mark function, denoted by ?(x), maps a positive
rational value x to a positive dyadic rational a/2k with a, k ∈ N. By def-
inition, ?(0) = 0 and ?(1) = 1. Whenever x ∈ (0, 1) is a rational number
represented by an irreducible fraction a/b, such that in the Stern–Brocot
tree it is constructed via taking a mediant of two fractions p/r and p′/r′, its
image under Minkowski’s function is defined as

? (x) = ?
(

p + p′

r + r′

)
:=

1
2

(
?
( p

r

)
+ ?

(
p′

r′

))
.

In other words, we descend the Stern–Brocot tree in search of the a/b, and
“in parallel” construct a resulting value by applying the mean instead of the
mediant. For x > 1, Minkowski’s function is defined as ?(x + 1) =?(x) + 1.
In general, ?(x) is monotonically increasing, and can be defined on all
R+ [94].

Figure 3.16c is obtained by applying the simple rescaling on the verti-
cal axis and Minkowski’s question-mark function followed by the simple
rescaling on the horizontal axis for intervals (k/(k + 1), 1] and their images.
Figure 3.17 illustrates this for intervals ( 1+k

3+2k , 1
2 ].
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Figure 3.14: The function Φ(q) = limn→∞
|Wq,n+1|
|Wq,n| before Minkowski’s rescal-

ing (a) and after (b).
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Figure 3.16: Regions for intervals ( k−1
k , 1]: before Minkowski’s rescaling (a),

after the rescaling (b), rescaled and superimposed (c).

75



0
1

1
4

1
3

2
5

1
2

3
5

2
3

3
4

1
1

4
3

3
2

5
3

2
1

5
2

3
1

4
1

1
0

1
1

0
1

1
0

1
2

2
1

3
2

3
1

1
3

2
3

0
1

1
1

1
2

2
1

1
0

0
1

1
1

1
0

(1/3, 1/2]
(2/5, 1/2]
(3/7, 1/2]

...

(a)

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

ρ3
1/2

ρ6
1/2

ρ9
1/2

convergence as k →∞

conv. as k →∞

q ∈ (1/3, 1/2]

q ∈ (2/5, 1/2]

q ∈ (3/7, 1/2]

q ∈ (4/9, 1/2]

q ∈ (5/11, 1/2]

(b)

Figure 3.17: Regions for intervals ( 1+k
3+2k , 1

2 ]: before Minkowski’s rescaling
(a), rescaled and superimposed (c).

76



Let q denote c
d and let q∗k denote p+ck

r+dk , i.e. the kth left approximation of q
in the Stern–Brocot tree. In [97] we proved the following.

Theorem 38. The graph of the function Φ(q) rescaled on the intervals (q∗k , q]
tends to a constant function on the semi-open intervals (q∗k−1, q∗k ]:

lim
k→∞

Φ(q)− limδ→0+ Φ(q∗k−1 + δ)

Φ(q)− Φ(q∗k)
= 1.

The ratio between consecutive constants on the rescaled graph tends to ρc+d
q :

lim
k→∞

Φ(q)− Φ(qk)

Φ(q)− Φ(qk−1)
= ρc+d

q .

The proof is based on Pick’s Theorem [202], a geometrical representation
of polynomials Πq and some polynomial gymnastics. Using our technique,
it is possible to derive a similar result for the right approximation of any
rational point q = c/d.

Where do the jumps go higher?

The function Φ(q) has the highest jump at point q = 1, the second-highest
jump is at q = 1/2, the third-highest jump appears when q = 2, see Fig-
ure 3.14a. The sequence of positive rational numbers ordered by correspond-
ing jumps of the function Φ(q) = limn→∞ |Wq,n+1|/|Wq,n| starts with

1,
1
2

, 2,
1
3

,
1
4

, 3,
2
3

,
1
5

,
1
6

,
3
2

,
1
7

, 4,
2
5

,
1
8

,
1
9

,
1

10
,

3
4

,
1
11

,
2
7

,
1

12
, 5,

3
5

,
1

13
,

4
3

,
1
14

,
2
9

,
1

15
,

1
16

,
5
2

,
1

17
, ...

Is it possible to explain this sequence without polynomial root calcu-
lations?
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3.3 Related works and perspectives
Here I list some open research pathways, in addition to what has already
been said in this Section, in Section 2.5 about RNA structures and in Subsec-
tion 3.1.3 about the wonderland bijection quest. I will also briefly mention
my other works from master, PhD and postdoc periods.

3.3.1 Gray codes for q-decreasing structures
The recent Wong-Liu-Lam-Im progress [246] in the resolution of the ex-
tended version of Eğecioğlu-Iršič conjecture about the existence of 1-Gray
code for q-decreasing words with natural q indicates that this problem may
be solved in the future, perhaps by a method much more elegant than our
solution for the case q = 1.

Another thought-intriguing direction is to explore the power of machine-
verifiable proofs using, for instance, a Why3-and-Coq-based approach de-
scribed by Giorgetti, Dubois, and Lazarini [126].

The discovery of q-decreasing words and related Gray codes motivated
further study of similar objects. Hassler, Vajnovszki and Wong [142] pro-
vided, among other things, captivating Gray codes for the set of length n
binary words of weight k (i.e. with exactly k 1s) with the property that any
prefix contains at least p times as many 0s as 1s, for any p ∈ R+.

3.3.2 From Fibonacci to Catalan and back again
In 2022, Barcucci, Bernini and Pinzani invited us to un viaggio combinatorio
di esploratori connecting Fibonacci, Catalan and various related combina-
torial objects [22, 23]. Intriguing bijective and enumerative links between
certain subsets of Dyck paths, integer compositions and q-decreasing words
have been discovered by them along with Bilotta [19, 21]. They found
restricted Dyck path interpretations of the q-decreasing words. Barcucci,
Bernini, Bilotta and Pinzani in another paper [20] give a bijection between q-
decreasing words and a new special class of pattern avoiding binary words.
It would be interesting to study Grey codes for these new Fibonacci objects
and find new interesting bijections.

3.3.3 Pattern transferring
In 2020, with Richard Genestier and Jean-Luc Baril we investigated [28]
pattern transfer between constrained Dyck paths, discussed in Section 3.1,
and Motzkin paths. Because of the intricate structure of the constrained
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Dyck paths, the direct study of their patterns seems complicated. Thanks
to our bijection which “converts” patterns in constrained Dyck paths to
patterns in usual Motzkin paths, we managed to enumerate patterns in
constrained Dyck paths by enumerating patterns in their bijective Motzkin
images. Let me explain a little more about this method and notations used.

A statistic on a set S of combinatorial objects is an association of an integer
in Z to each object in S. For instance the map that returns the number of
valleys DU in a Dyck paths is a statistic. We denote by 1̂ (resp. 2̂, n̂) the
constant statistic that sends any object to 1 (resp. 2̂, n̂). Let S be the set
of all statistics on a set S. For X, Y ∈ S , we define the statistic X + Y so
that (X + Y)(P) = X(P) + Y(P) for any P ∈ S, which endows S with a
Z-module structure. Let S and T be two sets of combinatorial objects, and
let S and T be the associated statistic sets. Two statistics X ∈ S and Y ∈ T
have the same distribution if and only if there exists a bijection f from S to
T such that for any P ∈ S we have X(P) = Y( f (P)). In this case, we say
that f transports the statistic X into Y, which can be shortly written with
the statistic equation f (X) = Y (or X = Y whenever f is the identity). To
a given pattern P, we associate the pattern statistic P : A → N such that
P(a) is the number of occurrences of the pattern P in the object a ∈ A. For
instance, for Dyck paths of semilength n we have U + D = 2 · n̂.

I present below the first Theorem from [28]. Other results are more
involved, in some cases the systems of such pattern equations appear, and
they are proved to be useful (see Section 3 of [28]).

Theorem 39. For n ⩾ 0, the bijection φ (see Eq.(3.1) on page 53, Subsection 3.1.2)
from Dh,⩾

n to Mn transports statistics associated to patterns of length two as
follows:

φ(UD) = F + UD, (3.5)
φ(UU) = φ(DD) = U + UU + UF, (3.6)

φ(DU) = FF + FU + DF + DU. (3.7)

The line (3.5) means that every peak UD in Dyck path a ∈ Dh,⩾
n corresponds

to a flat step F or to a peak UD in the Motzkin image φ(a) and vice versa.
See Figure 3.5 on page 53 for some examples.

Although the scientists use different notations to convey information
about how one pattern metamorphoses into another, the essence of this
method imbues the combinatorial literature. It is related to the great study
of equidistributed statistics, started by a seminal work of MacMahon [186]. I
would even say that a pattern-transferring bijection is in some sense similar
to the notion of homomorphism. Knowledge or hypotheses about pattern
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and statistic transfers, in some cases, help us find the desired constructive
bijections! Consider the FindStat7, an on-line database of combinatorial
statistics initiated by Chris Berg and Christian Stump; maintained by Martin
Rubey, Tilman Möller and others [53]. As of April 17, 2025, it contains
329 maps and 1964 statistics, which can be searched by keywords or by
examples. See also the Combinatorial Object Server8, first launched by Frank
Ruskey in 2000, and relaunched in 2018 by Torsten Mütze, Joe Sawada and
Aaron Williams [217]. It allows us to generate combinatorial objects, explore
combinatorial algorithms and download their free source code.

During the lockdown, on June 2020, I presented our work entitled “Pat-
tern distribution in faro words and permutations” [29] at the on-line edition
of the conference “Permutation Patterns”. In this work, in collaboration with
Jean-Luc Baril, we have identified a new type of permutations and words,
and studied bijective correspondences to other objects. We conjectured that
a certain subset of our words of length n is in bijection with Dumont permu-
tations of length 2n avoiding pattern 2143. After my presentation, during a
session of questions, Alexander Burstein became interested in our conjec-
ture. Later we published together an article resolving the conjecture [27].
The same paper also presents examples of pattern correspondences. Let me
say a little more about this.

A k-ary word w = w1w2 . . . wn avoids a classical pattern (resp. consecu-
tive pattern) p = p1-p2- · · · -pk (resp. p = p1p2 . . . pk) if there does not exist
a strictly increasing sequence of indices i1i2 . . . ik (resp. with ij+1 = ij + 1 for
1 ⩽ j ⩽ k − 1) such that wi1wi2 . . . wik is order-isomorphic to p (see Kitaev’s
book [164] for more information).

Faro permutations are those permutations (words of length n consisting of
all distinct letters from [1, n]) that avoid three consecutive patterns 231, 321
and 312, which is equivalent to the fact that there is no i such that πi > πi+2.
A dispersed Dyck path [137], closely related to famous Bertrand’s ballot
problem, is a lattice path never going below the x-axis, starting at (0, 0),
ending at (n, 0), consisting of up steps U = (1, 1), down steps D = (1,−1)
and flat steps F = (1, 0) lying on the x-axis. In [27] we constructed a bijection
between faro permutations and dispersed Dyck paths. Let’s have a look at
this bijection for small faro permutations, where U, F, D steps are depicted
respectively by /, _, and \:

/\ /\
_____ ___/\ __/\_ _/\__ _/\/\ _/ \ /\___ /\_/\ /\/\_ / \_
12345 12354 12435 13245 13254 14253 21345 21354 21435 31425

7https://www.findstat.org/
8http://combos.org/
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The bijection g from [27, Theorem 3.4] transfers consecutive permutation
patterns to consecutive patterns in paths. For instance, any occurrence of
the consecutive pattern 21 (a descent) in a faro permutation corresponds
to the pattern U in the path, obtained from the permutation applying the
bijection; every occurrence of a consecutive pattern 132 corresponds to an
occurrence of FU, UU or DU, so we have the following equation:

g(132) = DU + UU + FU.

Occurrences of path patterns are literally equal, while occurrences of permu-
tation patterns are equal only modulo order isomorphism. A path FUDUD
contains 1 occurrence of DU and 1 occurrence of FU, and the corresponding
permutation 13254 contains 2 consecutive occurrences of 132, videlicet 132
and 254.

Similar analysis can be done for other patterns. For example, we have

g(123) = n̂ − 2̂ − FU − UU − 2 · DU − DF − DD,

where n is the length of the corresponding lattice path. In fact, the exist-
ing notations for pattern equations in the literature, including our own
works [27, 28], are usually more sophisticated and use additional symbols.
It increases the technical accuracy but obscures the conceptual. Inspired by
Occam’s Razor, I seek for simplest possible yet powerful notation, reflecting
only the important information.

A result from [27] implies that the expected number of the occurrences
of the consecutive pattern 21 (respectively 12, 132 and 213) in a randomly
selected faro permutation of length n is asymptotically equivalent to n/2.
Surprisingly, the expectation of 123 is asymptotically equivalent to

√
πn/2.

And we can conclude the probability of an occurrence of 123 at a random
position in a random faro permutation approaches 0 as n grows. Inspired
by this result, with Nathanaël, we are currently working on a new article
about emerging consecutive pattern avoidance in permutations, the results
of which were presented at the conference Permutation Patterns, held in St
Andrews, Scotland, in July 2025 [141].

Other examples of pattern transfers can be found in our paper about
Dyck paths with air pockets [32], which exposes also a twirly link with
Fibonacci meanders, a kind of closed smooth self-overlapping curves. See
Luschny’s [184] and Wienand’s [240] posts in OEIS Wiki about such me-
anders. You may also consider our work about a transformation à la Foata
for special kinds of descents and excedances in permutations [30] and re-
lated paper by Han, Mao and Zeng [139] who prove, among other things,
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Vajnovszki’s conjecture from [30]. An engaging trinomial relation [37] con-
cerning the number of cells lying at different levels of Motzkin polyominoes
of size n and first n terms of the expanded (1 + x + x2)n can also be seen as
an example of pattern transferring, or statistic transferring method.

It is worth continuing to look both for new results on pattern transfers
and for convenient ways of presenting them.

3.3.4 Pattern-aware structural decompositions
Many works in the young field of pattern enumeration use ad-hoc (in the
good sense of the word) methods. This is due to the fact that structures
and their properties are highly variable, and a small change in the initial
conditions, in the shape of the basic bricks, in the rules of combinatorial
construction, often implies huge differences in the large structures. So we
need a very high level of precision and impeccable rigor to find the right
results.

There are, however, certain similarities in the different questions and the
ad-hoc methods developed to solve them, we are starting to see a bigger and
more coherent picture. Here are some examples of works in this direction:

• Guibas and Odlyzko [136] proposed a generic method for enumerating
words avoiding a given pattern.

• Banderier and Flajolet [18] developed a unified theory of lattice paths
in half- and quarter-planes, focusing on enumerative and asymptotic
aspects. Extending the ideas of this article, Asinowski, Bacher, Ban-
derier, Gittenberger and Roitner in a series of recent papers [6–10]
presented a substantial study about enumeration of consecutive pat-
terns in lattice paths.

• Using a recursive approach, Bean, Bernini, Cervetti and Ferrari [49]
provided an algorithm for finding a combinatorial specification and
a generating function for Motzkin paths avoiding a given set of not
necessarily consecutive patterns. In the case of a single pattern, they
also showed that obtained generating function is rational over x and
1−

√
1−4x2

2x2 . Their work is a natural continuation of the work by Bacher,
Bernini, Ferrari, Gunby, Pinzani and West [17] about patterns in Dyck
paths.

• Classical Goulden-Jackson cluster method [129, 130] is used to study
the distribution of patterns in objects represented by sequences of
other objects. The works of Wang [237] and Zhuang [250] are examples
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of applications of this method in the context of lattice paths. See
also works by Noonan and Zeilberger [198]; Bassino, Clément and
Nicodème [45], together with Fayolle [44]; Elizalde and Noy [105].

I would like to try to contribute to this process of pattern understand-
ing, for example by combining the theory of formal languages with the
combinatorial study of patterns. Formal grammars can be used to generate
combinatorial objects.

If we can generate, we should be able to understand,
understand not only the objects themselves

but also how the patterns are formed therewithin.

It would be nice to find a method to automatically enumerate patterns.
We could extend the existing studies by considering, at first, consecutive
patterns in even binary words (with an even number of 1s, such language
is an example of regular language that cannot be characterized by a pattern
avoidance, thus, we should do more than the classical Goulden-Jackson
method allows). Next, extend the results to any regular language, and there-
after look at context-free and more complex grammars, for consecutive and
not necessarily consecutive patterns, with or without order isomorphism.

3.3.5 Structure and enumeration of lattice intervals
The word lattice, aptly, have several meanings. When we talk about lattice
paths, we mean by lattice a repeating arrangement of points. In case of
Dyck and Motzkin paths it is N2. In order theory, by lattice we understand
a partially ordered set (a poset for short) with an additional property: each
pair of elements has a least upper bound and a greatest lower bound.

If the elements of such partially ordered sets are lattice paths... we should
speak about lattice path lattices, which reminds me Wittgenstein’s language
games [183] and his understanding of grammar.

Different order structures can be defined over Dyck paths. Perhaps the
most known of them is the Tamari lattice [114, 150]. Suppose α is a Dyck
path, possibly empty. The Tamari cover relation transforms a Dyck path
βDUαDγ into βUαDDγ. For illustrations, consider Figures 3.18 and 3.19.
The lattice order relation is the transitive closure of this cover relation. The
Tamari lattice can be described in many equivalent ways, using other objects
instead of Dyck paths, see a beautiful book edited by Müller, Pallo and
Stasheff [196].
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Pyramid Tamari Ascent

Figure 3.18: Pyramid, Tamari and ascent cover relations.

A covering

Another interval

Another coverings
Another interval

An interval

Figure 3.19: Hasse diagram for Pyramid, Tamari (with the dotted red edge) and
ascent (with dashed blue edge) lattices of Dyck paths of semilength 4.
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In a poset A, for any two comparable elements a and b, the set {c ∈
A, a ⩽ c ⩽ b} is called an interval. The join of two elements from A is
their least upper bound. Similarly, the meet of two elements from A is their
greatest lower bound. A cover relation (covering) between a and b takes place
if a ⩽ b and a ̸= b and there are no other elements between them.

Together with Jean-Luc Baril and Mehdi Naima we introduced [33, 34]
another lattice structure on Dyck paths. In this case, a cover relation trans-
ports pyramids: DUkDk 7→ UkDkD, k ⩾ 0. It is a sublattice of Tamari lattice,
i.e. any comparable elements in the pyramid lattice are also comparable
in Tamari way, but the converse is not true (see Figures 3.18 and 3.19). We
explained this fact and presented other results: about the number of inter-
vals; coverings; meet and join irreducible elements; outgoing and incoming
edges in the Hasse diagram (see Fig. 3.19 for examples). We also gave an
involution on Dyck paths that transports the bistatistic of the numbers of
outgoing and incoming edges to its reverse. Of the several questions posed
in the article, I would like to point out one that we are currently working on
with Enrica Duchi, Jean-Luc Baril, Mehdi Naima and Khaydar Nurligareev:

Algebraically, we know that the number of intervals in the pyramid
lattice of Dyck paths of semilength n is equal to the number of Dyck
paths of semilength n where each up-step not at ground level comes
in two colors, OEIS sequence A64062:

1, 3, 13, 67, 381, ...

Is it possible to find a combinatorial bijection between these two sets?

Yet another cover relation, DUkD 7→ UkDD, k ⩾ 0, engenders the as-
cent lattice, which was considered by Clément Chenevière under the name
“Greedy Dyck lattice”, GDyckn, in his PhD thesis [85, Section 7.2], following
a suggestion of Philippe Nadeau. In our recent work [26] with Mireille
Bousquet-Mélou, Jean-Luc Baril and Mehdi Naima we look at the ascent
lattice and its generalizations.

The generating function for the number of intervals in the ascent lattice
is found to be algebraic of degree 3. The proof is based on a recursive
decomposition of intervals involving two catalytic parameters. The solution
of the corresponding functional equation is inspired by recent work on the
enumeration of walks confined to a quadrant related to invariant approach
based on ideas developed by Tutte in his enumeration of coloured maps [231,
232]. See also a captivating treatise by Bernardi, Bousquet-Mélou and
Raschel [57] devoted to the invariant approach.
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In the same paper, we consider order structures over m-Dyck paths of
semilength mn in which all ascent lengths are multiples of m, and the similar
structures on mirrored m-Dyck paths. We show that the first poset Dm,n is
a lattice for any m, while the second poset D′

m,n is only a join semilattice
when m > 1. In both cases, the enumeration of intervals is still described
by an equation in two catalytic variables.

Consider a word of comparable elements and read it from right to left
in order to construct a binary search tree. The rightmost element is the root.
Next, recursively, larger elements go to the right subtree and smaller to the
left. What to do with the elements that we have already placed in the tree?
In case of a right strict binary search tree, considered by Hivert, Novelli
and Thibon [145], the elements already seen in sequence go to the left. We
can obtain the same trees, see Figure 3.20 for instance.

5
3 8
51

1
7 9

Figure 3.20: A right strict binary search tree constructed from words
15139785 and 97851135.

Words that give rise to the same tree are said to lie in the same sylvester
class9. The sylvester congruence, on words is generated by the commutation
relations

ac · · · b ≡ ca · · · b, a ⩽ b < c.

It is known that the words w = w1 · · ·wn avoiding the not necessarily
consecutive patterns 121 and 132, form a set of representatives of sylvester
classes [199, Sec. 2.7]: every class contains such a word, and two distinct
words of this type are never congruent. Here the pattern avoidance is
considered modulo order isomorphism, i.e. we cannot find 1 ⩽ i < j < k ⩽
n such that either wi = wk < wj or wi < wk < wj.

In paper [26] we present a bijection between intervals in D′
m,n and

sylvester classes of m-parking functions of lengths n (certain kinds of
words), considered in [145, 199]. We also explain connections with Nadeau-
Tewari [197] poset NT. Certain parts of NT are isomorphic to Dm,n and
D′

m,n, some intervals in NT correspond to sylvester classes of certain words.
Furthermore, we provide bijections between intervals in Dm,n and D′

m,n
and certain quadrant walks. Combining these bijections with probabilistic

9Adjective sylvestre comes from Latin silva (“woods, forest”), an indirect tribute to the
great algebraic combinatorist James Joseph Sylvester.
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results on such walks we give asymptotic estimates of the number of inter-
vals in Dm,n and D′

m,n. Their form implies that the generating functions of
intervals are no longer algebraic, nor even D-finite (i.e. not a solution of a
system of linear differential equations with polynomial coefficients), when
m > 1.

There are many other poset structures on Dyck paths, for example:
Stanley lattice (or Dyck lattice [85]), the Kreweras lattice [56,170], the greedy
version of Tamari lattice due to Dermenjian [95], the alt-Tamari lattices of
Chenevière [84]. Figure 3.21 presents the subposet-inclusion structure of
these posets.

Tamari [114, 150]Pyramid [34]

Greedy Tamari [95]

Kreweras [170]

Stanley [56]

Ascent [26]

Alt-Tamari [84]

Figure 3.21: Subposet-inclusion structure of some orders on Dyck paths.

In an ongong work, together with Nathanaël Hassler and Jean-Luc
Baril we are exploring the intervals in a new lattice induced by a bitwise
comparison on q-decreasing words from Section 3.2.

It is a good idea to think about whether we can better understand the
structure and count the intervals in the autocorrelation lattice from Section 1.5
(see Figure 1.5 on page 13). It is also interesting to consider the poset of
autocorrelation polynomials for endhered patterns from Section 2.3.

3.3.6 On graphs and networks
There are several connections between the domain of telecommunications
networks and combinatorics, see the seminal papers by Hsu [147,148] about
Fibonacci cube, his work together with Page and Liu [149] and a book by
Eğecioğlu, Klavžar and Mollard [107].

Together with Nader Mbarek and our PhD student Abdelhamid Garah,
during his thesis, we published a paper [120] in the Internet of Things journal
and made several conference presentations (SITIS 2022 [117], LCN 2023 [118]
and DASC 2023 [119]) about the autonomous management of security ser-
vices in the context of Internet of Things. Two other communications were
recently presented at NTMS 2025 and IWCMC 2025 [121, 122]. It was an
interesting collaboration, which helped me to learn more about the IoT
domain. Many combinatorial research questions have yet to be asked at the
borderland between practice and theory.
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During my master’s internships, I have been working on reinforcement
learning for autonomic resource allocation in clouds, together with Dutreilh,
Melekhova, Malenfant, Rivierre and Truck [102].

At the time of my PhD, I’ve been studying the Internet topology dynam-
ics from network theoretical and statistical points of view [153]. See our
works with Magnien, Medem and Tarissan [160–162, 187, 192].

I’ve had the opportunity to work Queyroi [209] on hierarchical graph
clustering, with Bensmail and Duvignau on the complexity of deciding
whether a graph admits an orientation with fixed weak diameter [51, 52];
with Gastineau, Gras and Omidvar [123] on packing coloring and subsets
preserving path distance.

At one time I was also involved in the study of social networks and the
discourses within them, see my works with Kondrashova and Frame [167];
with Azaza, Savonnet, Leclercq and Faiz [12, 13, 15]; with Azaza, Savonnet,
Leclercq, Gastineau and Faiz [14]; with Azaza, Leclercq, Savonnet and
Frame [11]; with Leclercq, Savonnet, Frame and Basaille [159]; with Leclercq,
Savonnet, Grison and Basaille [174]; with Leclercq, Savonnet, Cullot, Grison
and Gavignet [43]; with Danisch and Leclercq [158]; with Basaille, Leclercq,
Savonnet and Cullot [42]. See also our works [156, 157] about temporal
density of complex networks and ego-community dynamics.

I keep communicating with my colleagues from different branches of
science, recently we published a paper about a clique percolation method
for community detection, co-authored with Baudin, Danisch, Magnien
and Ghanem [46]. My website contains papers, slides of talks and posters:
https://kirgizov.link.
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3.3.7 Verses about the language and combinatorics

Суть

Все проявленья человека,
Включая слова и числа,
Являют собой преображенья,
Карикатуры смысла.

Essence

Toutes nos expressions,
Les mots et les quantités,
Ne sont que des réflexions,
Des caricatures de nos idées.

Crux

All human expressions,
Including numbers and words,
Are like bizarre reflections,
Caricatures of thoughts.
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Mathématiques Pures et Appliquées. Neuvième Série, 17(1-4):105–151,
1938.

[95] A. Dermenjian. Maximal degree subposets of ν-Tamari lattices. The
Electronic Journal of Combinatorics, 30(2):P2.43, 2023.

[96] S. Dovgal and S. Kirgizov. Sturm meets Fibonacci in Minkowski’s
fractal bar. Permutation Patterns Conference. University of Burgundy,
Dijon, France, 2023.

[97] S. Dovgal and S. Kirgizov. Structure and growth of R-bonacci words.
The Electronic Journal of Combinatorics, 32(3):P3.32, 2025.

[98] S. Dovgal and K. Nurligareev. Asymptotics for graphically divergent
series: dense digraphs and 2-SAT formulae, 2023. http://arxiv.
org/abs/2310.01213.

[99] F. Dubeau. On r-generalized Fibonacci numbers. Fibonacci Quarterly,
27(3):221–229, 1989.

[100] E. Duchi. Polyominoes, permutominoes and permutations. HDR thesis,
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[106] O. Eğecioğlu and V. Iršič. Fibonacci-run graphs I: Basic properties.
Discrete Applied Mathematics, 295:70–84, 2021.
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• Research and Teaching Fellow (ATER), Université de Bourgogne, 2015-2017
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• Journée thématique "Dynamique des graphes", 2012
• Journées Automnales 2012 ResCom à Paris 6
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Journal of Integer Sequences, 26(3), 2023

11. Q-bonacci words and numbers
Sergey Kirgizov
The Fibonacci Quarterly, 60(5), 2022

12. Polyominoes and graphs built from Fibonacci words
Sergey Kirgizov and José Luis Ramı́rez
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22. Pattern avoiding permutations modulo pure descents
Jean-luc Baril, Sergey Kirgizov and Armen Petrossian
Permutation Patterns Conference, Reykjavik University, Iceland, 2017

23. Temporal density of complex networks and ego-community dynamics
Sergey Kirgizov, Eric Leclercq
Annual Conference on Complex Systems (ECCS or CCS), Amsterdam, 2016

24. Towards a Twitter Observatory: A multi-paradigm framework for collecting,
storing and analysing tweets
Ian Basaille, Sergey Kirgizov, Éric Leclercq, Marinette Savonnet, et Nadine
Cullot
RCIS 2016, IEEE Tenth International Conference on Research Challenges in Information
Science, Grenoble, France, 1-3 June 2016

25. A web application for event detection and exploratory data analysis for Twitter
data Sergey Kirgizov, Eric Leclercq, Marinette Savonnet, Alexander Frame, Ian
Basaille-Gahite
Twitter at the European Elections 2014: International Perspectives on a Political
Communication Tool, Dijon, 2015

26. Influence Assessment in Twitter Multi-Relational Network Lobna Azaza,
Sergey Kirgizov, Marinette Savonnet, Éric Leclercq, Rim Faiz
Eleventh International IEEE Conference on Signal Image Technologies and Internet-
Based System (SITIS), Bangkok, Thailand: 436-443, 2015

27. On the complexity of turning a graph into the analogue of a clique
Julien Bensmail, Romaric Duvignau, Sergey Kirgizov
9th International colloquium on graph theory and combinatorics (ICGT), 2014

28. Using Reinforcement Learning for Autonomic Resource Allocation in Clouds:
towards a fully automated workflow
Xavier Dutreilh, Sergey Kirgizov, Olga Melekhova, Jacques Malenfant, Nicolas
Rivierre, and Isis Truck
In The 7th International Conference on Autonomic and Autonomous Systems (ICAS’2011),
best paper award, 2011

Peer-Reviewed French National Conferences (12)

1. L’art et la combinatoire
Sergey and Yulia Kirgizova
Journée Arts Design et Sciences, Dijon, 30 mai, 2024

2. Enumeration of Dyck paths with air pockets
Jean-Luc Baril, Sergey Kirgizov, Rémi Maréchal and Vincent Vajnovszki
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Poster Les journées JNIM (Journées Nationales de l’Informatique Mathématique),
Villeneuve d’Ascq (France), 29 mars – 1 avril, 2022

3. Packing coloring and subsets preserving path distance
Nicolas Gastineau, Benjamin Gras, Sergey Kirgizov, Mahmoud Omidvar
Journées Graphes et Algorithmes (JGA), Paris, 2016

4. (Re)constuire la temporalité d’un événement médiatique sur Twitter : une
étude contrastive
Tatiana Kondrashova, Alexander Frame, and Sergey Kirgizov
XXe congrès de la SFSIC : Temps, temporalités et information-communication, 8-10
juin 2016 Metz (France)

5. Évaluation de l’influence dans un réseau multi-relationnel : le cas de Twitter
Lobna Azaza, Sergey Kirgizov, Marinette Savonnet, Éric Leclercq, Rim Faiz
INFORSID’2016, Le congrès INFORSID (INFormatique des ORganisations et Systèmes
d’Information et de Décision, du 31 mai au 3 juin, à Grenoble, France

6. A la recherche des mini-publics : un problème de communautés, de singu-
larités et de sémantique
Données participatives et sociales
Eric Leclercq, Sergey Kirgizov, Maximilien Danisch
16ème conférence francophone sur l’Extraction et la Gestion des Connaissances (EGC
2016): l’atelier Données participatives et sociales, Reims, Janvier 2016

7. Evaluation de l’influence sur Twitter : Application au projet “Twitter aux
Elections Européennes 2014”
Sergey Kirgizov, Lobna Azaza, Éric Leclercq, Marinette Savonnet et Alexander
Frame
Journées d’étude “Etudier le Web politique : Regards croisés”, Lyon, 12-13 Mai 2015

8. Papersγ, Discussing board for scientific papers
Conference SO Data 3, Paris, 26 Mars 2015

9. Internet Topology Dynamics: stochastic process estimation from partial ob-
servations
with Clémence Magnien
Journée jointe des GDR ISIS et Phénix “Analyse et inférence pour les réseaux”, Paris,
2013

10. Distribution multimodale de la taille du sous-graphe des plus courts chemins
dans un graphe aléatoire
Journées Graphes et Algorithmes (JGA), Orsay, 2013

11. Dynamique de la topologie de l’internet : impact de la fréquence de mesure
sur les observations
Sergey Kirgizov, Clémence Magnien, Fabien Tarissan and Azhu Liu
24ème colloque GRETSI, Brest, France, 2013
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12. Vers une modélisation réaliste de la dynamique de la topologie de routage
au niveau IP
Sergey Kirgizov, Amélie Medem, Clémence Magnien, and Fabien Tarissan
Journées Automnales 2012 ResCom, Paris, 2012

Teaching
I give lectures, organise laboratory works and student projects. I teach mostly in
French, but some of the courses are in English and Russian.

• Polytech Dijon, École polytechnique universitaire de Bourgogne
Université Bourgogne Europe, 2019–current

– Systèmes UNIX
– Langue vivante 2, Русский язык
– Big Data
– Ingénierie des systèmes d’information
– Systèmes d’information avancés
– Hash & Crypto
– Sécurité et intégrité cryptographique des données
– Machine learning: reinforcement learning

• ESIREM, Université de Bourgogne, 2018–2019, Vacataire
– Systèmes UNIX
– Systèmes d’information avancés

• Université de Bourgogne, 2015-2017, ATER
– Algorithmique avancée
– Initiation à la programmation en Java
– Systèmes d’exploitation
– Langages C et C++
– OpenMP
– MPI

• Université de Bourgogne, from January to August 2015, Postdoc
– Interfaces visuelles (Java)

• Université Pierre et Marie Curie, doctorant-vacataire, 2012-2014
– Initiation à la compilation et aux machines virtuelles (Scheme et C)
– Programmation récursive (Scheme)
– Structures discrètes
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