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An n-length binary word is q-decreasing, q ∈ N+, if every of its length maximal factor
of the form 0a1b satisfies a = 0 or q · a > b. The set of q-decreasing words of length n is
denoted by Wq

n. For example we have

W1
4 = {0000, 0001, 0010, 1000, 1001, 1100, 1110, 1111},
W2

4 = {0000, 0001, 0010, 0011, 0100, 0101, 1000, 1001, 1010, 1100, 1101, 1110, 1111}.

Denote by Bn(1k), k ≥ 2, the set of all n-length binary words containing no occurrences
of factor 1k. The fact that Bn(1k) is enumerated by k-generalized Fibonacci numbers is
widely known [3, p. 286]. For q ≥ 1 we construct a bijection between Bn(1q+1) and Wq

n,
and give bivariate generating functions according to the length of the words and the
number of 1s. In general, there are more 1s in Wq

n than in Bn(1q+1).

The 1s frequency of a set is the ratio between the total number of 1s and the overall
number of bits in the words of the set. Alternatively, it is the expected value of a random
bit in a random word of the set. It can be shown, for q ≥ 1, that the 1s frequencies ofWq

n

and of Bn(1q+1) converge, when n tends to infinity, to a same limit whose value is related
to the generalized golden ratio ϕq+1, the root of largest modulus of the famous Fibonacci
polynomial xq+1 − xq − · · · − x− 1. In particular, we show that the common limit of the
1s frequencies of W1

n and of Bn(11) is (2 − ϕ)/(3 − ϕ) ≈ 0.27639 with ϕ = (1 +
√

5)/2
the golden ratio.

For any q ≥ 1, we provide an efficient exhaustive generating algorithm for q-decreasing
words in lexicographic order. We show the existence of a 3-Gray code and explain how a
generating algorithm for this Gray code can be obtained. Moreover, we give the construc-
tion of a more restrictive 1-Gray code for 1-decreasing words, which in particular settles
a conjecture about the Hamiltonicity of certain hypercube subgraphs stated recently by
Eğecioğlu and Iršič [2]. We conjecture the existence of 1-Gray code for any q ≥ 2. The
extended version of this work is available on the arXiv [1].

The case q ∈ Q+ may be an interesting lane to explore.
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