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La complexité des algorithmes

La notation grand O de Bachmann-Landau et autres méthodes
de la comparaison asymptotique.

On dit

f(x) € O(g(x))

lorsqu’il existe des constantes N > 0 et C > 0 telles que pour
tout
x> N

on a
[F()| < Clg(x)l-



Bachmann et Landau

Paul Bachmann Edmund Landau

“Analytische “Handbuch der Lehre von der Verteilung der
Zahlentheorie” Primzahlen”

[Analytic Number Theory] [Handbook on the theory of the distribution of the
(in German, 1894). primes]

(in German, 1909).

“The big-O originally stands for "order of' ("Ordnung")”



Donald Knuth

Al Acorn (jeu vidéo Pong, fondateur Atari), Donald Knuth, et Steve Wozniak.
Photo : Robert Scoble @ flickr

“The symbol [big-O] was much later on (1976) viewed by Knuth as a capital omicron,
probably in reference to his definition of the symbol Omega”

Big Omicron and big Omega and big Theta, (SIGACT News, Apr.-June 1976)
https://wuw-cs-faculty.stanford.edu/ knuth/


https://www-cs-faculty.stanford.edu/~knuth/
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Exemples
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10n + 10000 € O(n)
10n + 10000 € O(n?)
1€ 0(1)

8000999 € O(1)

€ 0(n?)

€ 0(n%)

¢ o(n)

Attaque par force brute € O(2")

n x

n x
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La mise a jour d'une moyenne

Xo+X1++Xn—1+Xn

Moyenne =
n

n — 1 additions, une division. Donc la complexité O(n).



La mise a jour d'une moyenne

XotX1t -+ Xp—1+Xn
p .

Moyenne =

n — 1 additions, une division. Donc la complexité O(n).

Maintenant on ajoute une valeur Xp41.
Quelle est la complexité de la mise a jour de la moyenne?



La mise a jour d'une moyenne

XotX1t -+ Xp—1+Xn
p .

Moyenne =

n — 1 additions, une division. Donc la complexité O(n).

Maintenant on ajoute une valeur Xp41.
Quelle est la complexité de la mise a jour de la moyenne?

On peut le faire en O(1) operations?



Out!

La mise a jour d’'une moyenne en O(1) opérations!

Méthode Complexité

X1 tXe+ X3+ ...+ X,

M, ;. O(n)
X1+X0+x3+ ...+ X5+ X

Mn+1 — 1 2 3 . —l_ 1 n I‘H‘l O(n)
M,

My g = MM Xni1 0(1)

n+1



La moyenne est ces applications

> Apprentissage par renforcement : Q-Learning
> Algorithme du gradient stochastique

> Moyenne glissante, un filtre passe-bas dans le traitement
du signal



Apprentissage par renforcement, un exemple

AlphaGo

“This program was based on general-purpose Al methods
[including reinforcement learning), using deep neural
networks to mimic expert players, and further improving

the program by learning from games played against
itself”

— https://deepmind. com/research/alphago



Application a l'algorithmique

> Temps de calcul
» Taille de mémoire
> etc..
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Exemple d'analyse : tri fusion

1980 177
% PR

32713843 9/10(82]

3]910[273843|82]

» La complexité de la fusion est linéaire

> La complexité totale des fusions de chaque niveau est O(n)

v

Le nombre des niveaux est O(log n)

v

Donc la complexité totale est O(nlog n)

Goldstine and John von Neumann, 1945, 1948.
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Applications de tri fusion...

“An external merge sort is practical to run using disk or tape drives
when the data to be sorted is too large to fit into memory.”

IBM 7295 de NASA sur le photo — Wikipédia
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La famille de notations Bachmann-Landau : O0,0,0,w,Q, ...

Notation

f(n) = olg(n))

Omicron

f(n) = ©(g(n)) BigTheta

F(n) ~ g(r) on the order of
Big Omega in

f(n) = Q(g(n)) | number theory
(Hardy—Littlewood)
Big Omega in

Ff(n) = Q(g(n)) | complexity theory

(Knuth)

f(n) = w(g(n)) | smallOmega

https://en.wikipedia.

Namel19]

Small O; Small Oh

Big O; Big Oh; Big

Description

fis dominated by g
asympiotically

| f| is bounded above by
& (up to constant factor)
asympiotically

fis bounded both above
and below by g
asymptotically
fisequalto g
asymptotically

| f| is not dominated by

£ asympiotically

fis bounded below by g
asymptotically

f dominates g
asymptotically

Formal Definition

Yk > 0 dng ¥n > ng [f(n)| < k- g(n)

Tk > 0 Ing ¥ > ng [ f(n)]| < k- g(n)

Thy > 0 Tky > 0 Ing ¥n > ng
k1 -g(n) < f(n) < k2 - g(n)

f(n)

Ye>0dnpgV¥n>ny |— —1|<¢
g(n)

Ik > 0'%¥ng In > ng [f(n)| = k- g(n)

3k > 03ng ¥n > ng f(n) = k- g(n)

Yk > 0 3ng ¥n > ng | f(n)| > k- |g(n)|

Limit Definition[201121122]
[19]14]

O

1m
n-+oo g(n)

lim sup |£(n)] < 0o
nsoo g(n

f(n) = O(g(n)) and

£(n) = Qg(n)) (ko

version)

org/wiki/Big_0O_notation


https://en.wikipedia.org/wiki/Big_O_notation

Questions ?
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